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OUR END GOAL

💡 let’s use question words!
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WHY 
Why convex relaxation? 

WHAT 
What can be done via convex relaxation? 

HOW 
How is convex relaxation used? 
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WHY 
Why convex relaxation? 

WHAT 
What can be done via convex relaxation? 

HOW 
How is convex relaxation used? 

we won’t cover as much theory as a 
convex optimization course!

the examples of convex relaxation are 
non-exhaustive

we won’t dive deep into all the 
technical aspects of each work
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Computer graphics is full of hard math problems!

THE FUNDAMENTALS

Solomon, Goes, Peyre, Cuturi, Butscher, 
Nguyen, Du, Guibas (2015)

shape correspondence 

optimal transport 

Crane, Weischedel, Wardetzky (2013)

Belyaev & Fayolle (2015)

Edelstein, Guillén, Solomon, 
Ben-Chen (2023) geodesic distances 

Abdelreheem, Eldesokey, Ovsjanikov, Wonka (2023)
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function f(x) as small or big as possible
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THE FUNDAMENTALS

find the x that makes the objective 
function f(x) as small or big as possible

constraints define the set of all x that 
we are allowed to consider

the set of all x that satisfy the 
constraints is called feasible
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x⇤

From calculus… 
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M

Identifies the critical points
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<latexit sha1_base64="Cj3WRhMdzUkTw6b1vOMGOkR63OU="></latexit>

x⇤ = argmax
x2M

f(x)
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rf(x) = 0

Original mesh by lastloginname via Thingiverse. 
Modified version from odedstein-meshes.



Snakes: Active Contour Models 
Kass, Witkin and Terzopoulos (1988) 
A snake is an energy-minimizing spline 
guided by external constraint forces and 

influenced by image forces that pull it toward 
features such as lines and edges.

THE FUNDAMENTALS
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v(s) = (x(s), y(s)), s 2 [0, 1]
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minimize Esnake(v)



Snakes: Active Contour Models 
Kass, Witkin and Terzopoulos (1988) 
A snake is an energy-minimizing spline 
guided by external constraint forces and 

influenced by image forces that pull it toward 
features such as lines and edges.

THE FUNDAMENTALS

The result is highly sensitive to 
initialization because classical 

“snakes” models are non-convex 
energy minimization problems solved 

using gradient descent.

<latexit sha1_base64="ClftZXpWW9goSlDQYuaUtMPAbP0="></latexit>

vi+1 = vi � �rEsnake(v)
🔑  gradient descent
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CONVEX 
local optima are global optima
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multiple local optima

Convexity gives global optima Often gets stuck on 
local optima or fails



CONVEXITY

CONVEX 
local optima are global optima

NON-CONVEX 
multiple local optima

Convexity gives global optima Often gets stuck on 
local optima or fails

the objective function f(x) is convex

constraint set is convex

REQUIREMENTS:



CONVEXITY

CONVEX 
local optima are global optima

NON-CONVEX 
multiple local optima

Convexity gives global optima Often gets stuck on 
local optima or fails

where we start matters!

does not always recover the global optima

THE ISSUE WITH NON-CONVEX PROBLEMS:



CONVEXITY

CONVEX FUNCTION 
Convex functions lie below their bowstrings 

❌ ❌
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tf(x1) + (1� t)f(x2) � f(ax1 + (1� t)x2), t 2 [0, 1]

mathematically



CONVEXITY

some standard convex functions…

exponentiallinear functions certain powersnorms
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f(x) = c>x+ d
<latexit sha1_base64="YiNhVfhKJ2F3SOViL4mN8ZVVm38=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IRS8eK9gPaELZbDft0s0m7G6kJe3f8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OHdzG89UalYJB71OKZeiPuCBYxgbSQ3KI/Ob9zJyJ10426xZFfsOdAqcTJSggz1bvHL7UUkCanQhGOlOo4day/FUjPC6bTgJorGmAxxn3YMFTikykvnN0/RmVF6KIikKaHRXP09keJQqXHom84Q64Fa9mbif14n0cG1lzIRJ5oKslgUJBzpCM0CQD0mKdF8bAgmkplbERlgiYk2MRVMCM7yy6ukeVFxqpXqw2WpdpvFkYcTOIUyOHAFNbiHOjSAQAzP8ApvVmK9WO/Wx6I1Z2Uzx/AH1ucPhqWRYA==</latexit>

f(x) = kxkp
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f(x) = eax
<latexit sha1_base64="GkcIauQLQdu8+7jVOfJsEK356ds=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IRS8eK9gPbGPZbDft0s0m7G6kJeRfePGgiFf/jTf/jds2B219MPB4b4aZeV7EmdK2/W3lVlbX1jfym4Wt7Z3dveL+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uhm6reeqFQsFPd6ElE3wAPBfEawNtKDXx6fXo0fE5z2iiW7Ys+AlomTkRJkqPeKX91+SOKACk04Vqrj2JF2Eyw1I5ymhW6saITJCA9ox1CBA6rcZHZxik6M0kd+KE0JjWbq74kEB0pNAs90BlgP1aI3Ff/zOrH2L92EiSjWVJD5Ij/mSIdo+j7qM0mJ5hNDMJHM3IrIEEtMtAmpYEJwFl9eJs2zilOtVO/OS7XrLI48HMExlMGBC6jBLdShAQQEPMMrvFnKerHerY95a87KZg7hD6zPHwYikIQ=</latexit>

f(x) = xa
<latexit sha1_base64="93IH0wfyGDl/JSicvF+KyTH2Gek=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQoZQZkSoIUnTjsoJ9QGcomTTThmaSIclIy9BfceNCEbf+iDv/xrSdhbYeuHA4517uvSeIGVXacb6t3Nr6xuZWfruws7u3f2AfFltKJBKTJhZMyE6AFGGUk6ammpFOLAmKAkbawehu5refiFRU8Ec9iYkfoQGnIcVIG6lnF8c3TsW7Rh4XmvKyU3HPenbJqTpzwFXiZqQEMjR69pfXFziJCNeYIaW6rhNrP0VSU8zItOAlisQIj9CAdA3lKCLKT+e3T+GpUfowFNIU13Cu/p5IUaTUJApMZ4T0UC17M/E/r5vo8MpPKY8TTTheLAoTBrWAsyBgn0qCNZsYgrCk5laIh0girE1cBROCu/zyKmmdV91atfZwUarfZnHkwTE4AWXggktQB/egAZoAgzF4Bq/gzZpaL9a79bFozVnZzBH4A+vzB4mgktY=</latexit>

x > 0, a /2 (0, 1)



CONVEXITY

CONVEX SETS 
Convex sets don’t lie below a rubber band 

NON-CONVEX! CONVEX

mathematically
<latexit sha1_base64="2wUr3kH1XdqaN7h0hJCDFFeEtbM=">AAACIHicbZDNSsNAFIUn9b/+RV26GSyCYi1JkVZwI7pxWcFWoQlhMp3YoZNJmLmRluCjuPFV3LhQRHf6NE5rQa1eGPg4517m3hOmgmtwnHerMDU9Mzs3v1BcXFpeWbXX1ls6yRRlTZqIRF2FRDPBJWsCB8GuUsVIHAp2GfZOh/7lDVOaJ/ICBinzY3ItecQpASMFdh36gbu34+7Dbj+oelx6DV72jrAXJYoIgY1b/jYwGGg7ZdcP7JJTcUaF/4I7hhIaVyOw37xOQrOYSaCCaN12nRT8nCjgVLDbopdplhLaI9esbVCSmGk/Hx14i7eN0sFmJfMk4JH6cyInsdaDODSdMYGunvSG4n9eO4Po0M+5TDNgkn59FGUCQ4KHaeEOV4yCGBggVHGzK6ZdoggFk2nRhOBOnvwXWtWKW6vUzg9KxyfjOObRJtpCO8hFdXSMzlADNRFFd+gBPaFn6956tF6s16/WgjWe2UC/yvr4BDzcoJM=</latexit>

tx1 + (1� t)x2 2 ⇧, 8x1, x2 2 ⇧, t 2 [0, 1]



CONVEXITY

some standard convex sets…

line segments

ellipsoids

affine sets hyperplanessemi-planes

cones
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we can solve convex problems 
with efficiency and robustness

WHY CONVEXITY?

Convexity gives global optima and 
theoretical guarantees 

Modern convex optimization software lets you 
solve large, complex problems quickly

Algorithms are plentiful and “self-sufficient”

Convex optimization software helps you debug YALMIP
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WHY NOT CONVEXITY?

What if you are given a bad hand?
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Linear Programming 
(LP)
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Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

SIMPLIFIED TAXONOMY OF CONVEX 

Non-standard

NON-CONVEX 
PROBLEM 

Convex Relaxation?

convex relaxations with exact recovery exist 
but might not be tractable

tractable relaxations exist but might not give 
you exact recovery or even good approximations
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OUR ROADMAP

OPTIMIZATION 

1. The Fundamentals 

2. Convexity 

3. Why Convexity? 

4. Standard Convex Problems 

CONVEX RELAXATION 

5. Viscosity Solutions 

6. Mapping Problems 

7. Optimal Transport 

8. SOS Relaxations 

9. Convex Substructures

Non-standard

CONSTRAINED

UNCONSTRAINED

Quadratic 
Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

Linear Programming 
(LP)

SIMPLIFIED TAXONOMY OF CONVEX 



STANDARD CONVEX PROBLEMS

find the variable x that…

LINEAR PROGRAMMING (LP) 

<latexit sha1_base64="ijvpLULhuru88+dqUTX5kDOeR4E=">AAACHXicbZC7SgNBFIZn4y3GW9TSZjAIVmFXJAo2URvLCOYCSQizk5NkdHZnnTkrhiUvYuOr2FgoYmEjvo2TS2ESfxj4+c45nDm/H0lh0HV/nNTC4tLySno1s7a+sbmV3d6pGBVrDmWupNI1nxmQIoQyCpRQizSwwJdQ9e8uh/XqA2gjVHiD/QiaAeuGoiM4Q4ta2eOGikAzVDpkASQm9m+B44BOY1SWnNHzx4aEe+q3sjk3745E5403MTkyUamV/Wq0FY8DCJFLZkzdcyNsJkyj4BIGmUZsIGL8jnWhbu1wp2kmo+sG9MCSNu0obV+IdET/TiQsMKYf+LYzYNgzs7Uh/K9Wj7Fz2kxEGMUIIR8v6sSSoqLDqGhbaJuF7FvDuBb2r5T3mGYcbaAZG4I3e/K8qRzlvUK+cH2cK15M4kiTPbJPDolHTkiRXJESKRNOnsgLeSPvzrPz6nw4n+PWlDOZ2SVTcr5/AR0ioyM=</latexit>

subject to Ax  b

<latexit sha1_base64="roUFzqNMhl4kVMOMj2v6Vtz0KFw=">AAACEHicbVDLSgNBEJz1bXxFPXoZDKIghF2RKHgRvXiMYKKQjWF20tHBeSwzvWJc8gle/BUvHhTx6tGbf+Mk5uCroKGo6qa7K0mlcBiGH8HI6Nj4xOTUdGFmdm5+obi4VHcmsxxq3EhjzxLmQAoNNRQo4Sy1wFQi4TS5Ouz7p9dgnTD6BLspNBW70KIjOEMvtYrrsUnBMjRWMwW5EloocQs9Gu9Rfh6jSekN3aTtVrEUlsMB6F8SDUmJDFFtFd/jtuGZAo1cMucaUZhiM2cWBZfQK8SZg5TxK3YBDU/7210zHzzUo2teadOOsb400oH6fSJnyrmuSnynYnjpfnt98T+vkWFnt5kLnWYImn8t6mSSoqH9dGhbWOAou54wboW/lfJLZhlHn2HBhxD9fvkvqW+Vo0q5crxd2j8YxjFFVsgq2SAR2SH75IhUSY1wckceyBN5Du6Dx+AleP1qHQmGM8vkB4K3TzwunK0=</latexit>
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minimizes the linear objective function

subject to the linear inequality constraints 
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STANDARD CONVEX PROBLEMS

find the variable x that…

LINEAR PROGRAMMING (LP) 

<latexit sha1_base64="ijvpLULhuru88+dqUTX5kDOeR4E=">AAACHXicbZC7SgNBFIZn4y3GW9TSZjAIVmFXJAo2URvLCOYCSQizk5NkdHZnnTkrhiUvYuOr2FgoYmEjvo2TS2ESfxj4+c45nDm/H0lh0HV/nNTC4tLySno1s7a+sbmV3d6pGBVrDmWupNI1nxmQIoQyCpRQizSwwJdQ9e8uh/XqA2gjVHiD/QiaAeuGoiM4Q4ta2eOGikAzVDpkASQm9m+B44BOY1SWnNHzx4aEe+q3sjk3745E5403MTkyUamV/Wq0FY8DCJFLZkzdcyNsJkyj4BIGmUZsIGL8jnWhbu1wp2kmo+sG9MCSNu0obV+IdET/TiQsMKYf+LYzYNgzs7Uh/K9Wj7Fz2kxEGMUIIR8v6sSSoqLDqGhbaJuF7FvDuBb2r5T3mGYcbaAZG4I3e/K8qRzlvUK+cH2cK15M4kiTPbJPDolHTkiRXJESKRNOnsgLeSPvzrPz6nw4n+PWlDOZ2SVTcr5/AR0ioyM=</latexit>

subject to Ax  b

<latexit sha1_base64="roUFzqNMhl4kVMOMj2v6Vtz0KFw=">AAACEHicbVDLSgNBEJz1bXxFPXoZDKIghF2RKHgRvXiMYKKQjWF20tHBeSwzvWJc8gle/BUvHhTx6tGbf+Mk5uCroKGo6qa7K0mlcBiGH8HI6Nj4xOTUdGFmdm5+obi4VHcmsxxq3EhjzxLmQAoNNRQo4Sy1wFQi4TS5Ouz7p9dgnTD6BLspNBW70KIjOEMvtYrrsUnBMjRWMwW5EloocQs9Gu9Rfh6jSekN3aTtVrEUlsMB6F8SDUmJDFFtFd/jtuGZAo1cMucaUZhiM2cWBZfQK8SZg5TxK3YBDU/7210zHzzUo2teadOOsb400oH6fSJnyrmuSnynYnjpfnt98T+vkWFnt5kLnWYImn8t6mSSoqH9dGhbWOAou54wboW/lfJLZhlHn2HBhxD9fvkvqW+Vo0q5crxd2j8YxjFFVsgq2SAR2SH75IhUSY1wckceyBN5Du6Dx+AleP1qHQmGM8vkB4K3TzwunK0=</latexit>

minimize c>x+ d

minimizes the linear objective function

subject to the linear inequality constraints 

<latexit sha1_base64="bI/MYqDa6hFYM7pd5sBPiGaA3v8=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ5BEEY7ZPokQ198nOA+YC0jzdItLE1rkoqj9N/44l/xRVARffSfmHZ90M0DCeecey/JPV7EqFSW9WWUlpZXVtfK65WNza3tHXN3ryPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KV1bv3REga8ls1jYgboBGnPsVIaWtgXqBBYtvpQ37DE5jJei7rmXTwMFSy8Hnu8xQ6jNxBT/N0YFatmpUDLhK7IFVQoDUwX51hiOOAcIUZkrJvW5FyEyQUxYykFSeWJEJ4gkakrylHAZFuku+ZwiPtDKEfCn24grn7eyJBgZTTwNOdAVJjOV/LzP9q/Vj5525CeRQrwvHsIT9mUIUwCw0OqSBYsakmCAuq/wrxGAmElY62okOw51deJJ16zW7UGjen1eZlEUcZHIBDcAxscAaa4Bq0QBtg8AiewRt4N56MF+PD+Jy1loxiZh/8gfH9A51FpAE=</latexit>

a11x11 + a12x12 + · · ·+ a1nx1n  b1

<latexit sha1_base64="rF2RuA4iztG9WRDqmATEdgr8yIs=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ5BEEY7ZPokQ198nOA+YC0jzdItLE1rkoqj9N/44l/xRVARffSfmHZ90M0DCeecey/JPV7EqFSW9WWUlpZXVtfK65WNza3tHXN3ryPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KV1bv3REga8ls1jYgboBGnPsVIaWtgXqBBEtjpQ37DE5jJei7rmXTwMFSy8Hnu8xQ6jNxBT/N0YFatmpUDLhK7IFVQoDUwX51hiOOAcIUZkrJvW5FyEyQUxYykFSeWJEJ4gkakrylHAZFuku+ZwiPtDKEfCn24grn7eyJBgZTTwNOdAVJjOV/LzP9q/Vj5525CeRQrwvHsIT9mUIUwCw0OqSBYsakmCAuq/wrxGAmElY62okOw51deJJ16zW7UGjen1eZlEUcZHIBDcAxscAaa4Bq0QBtg8AiewRt4N56MF+PD+Jy1loxiZh/8gfH9A05GpaU=</latexit>

am1xm1 + am2xm2 + · · ·+ amnxmn  bm

<latexit sha1_base64="HQd6T1x+DWnCecq/3Xyf1pmmiH4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM1m067dZMPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jco04w2mpNLtgBouRcIbKFDydqo5jQPJW8Hwbua3RlwboZJHHKfcj2k/EZFgFK3U7I5ChaZXKrsVdw6ySryclCFHvVf66oaKZTFPkElqTMdzU/QnVKNgkk+L3czwlLIh7fOOpQmNufEn82un5NwqIYmUtpUgmau/JyY0NmYcB7Yzpjgwy95M/M/rZBjd+BORpBnyhC0WRZkkqMjsdRIKzRnKsSWUaWFvJWxANWVoAyraELzll1dJ87LiVSvVh6ty7TaPowCncAYX4ME11OAe6tAABk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AM8Bj00=</latexit>...

intersection of semi-planes 
feasible set is a convex polytope!



STANDARD CONVEX PROBLEMS

Optimal transport

Earth Mover’s Distance

<latexit sha1_base64="ZHf+9dKtixNS8kr87nkwJoDSahY=">AAACFHicbVDLSgMxFM3UV62vUZduBotQUYYZkSq4KbpxWcE+oFNKJk3b0EwyJHeEMvQj3Pgrblwo4taFO//GTNuFth5IOJxzL/feE8acafC8byu3tLyyupZfL2xsbm3v2Lt7dS0TRWiNSC5VM8SaciZoDRhw2owVxVHIaSMc3mR+44EqzaS4h1FM2xHuC9ZjBIOROvZJIGOqMEglcERT7YI7Dq6CmAVMBFVWCqKk451mv3/csYue603gLBJ/RopohmrH/gq6kiQRFUA41rrlezG0U6yAEU7HhSDRNMZkiPu0ZWi2gW6nk6PGzpFRuk5PKvMEOBP1d0eKI61HUWgqIwwDPe9l4n9eK4HeZTtlIk6ACjId1Eu4A9LJEnK6TFECfGQIJoqZXR0ywAoTMDkWTAj+/MmLpH7m+mW3fHderFzP4sijA3SISshHF6iCblEV1RBBj+gZvaI368l6sd6tj2lpzpr17KM/sD5/ABx0njQ=</latexit>

s. t. ⇡ 2 ⇧(µ0, µ1)

seeking a joint probability distribution 

<latexit sha1_base64="DlDj93qow9x4Fg3KGFPgDK2sU/0="></latexit>

W(µ0, µ1) := inf⇡

Z Z
d(x, y)d⇡(x, y)

convex linear programming👍



STANDARD CONVEX PROBLEMS

Optimal transport

Earth Mover’s Distance

<latexit sha1_base64="ZHf+9dKtixNS8kr87nkwJoDSahY=">AAACFHicbVDLSgMxFM3UV62vUZduBotQUYYZkSq4KbpxWcE+oFNKJk3b0EwyJHeEMvQj3Pgrblwo4taFO//GTNuFth5IOJxzL/feE8acafC8byu3tLyyupZfL2xsbm3v2Lt7dS0TRWiNSC5VM8SaciZoDRhw2owVxVHIaSMc3mR+44EqzaS4h1FM2xHuC9ZjBIOROvZJIGOqMEglcERT7YI7Dq6CmAVMBFVWCqKk451mv3/csYue603gLBJ/RopohmrH/gq6kiQRFUA41rrlezG0U6yAEU7HhSDRNMZkiPu0ZWi2gW6nk6PGzpFRuk5PKvMEOBP1d0eKI61HUWgqIwwDPe9l4n9eK4HeZTtlIk6ACjId1Eu4A9LJEnK6TFECfGQIJoqZXR0ywAoTMDkWTAj+/MmLpH7m+mW3fHderFzP4sijA3SISshHF6iCblEV1RBBj+gZvaI368l6sd6tj2lpzpr17KM/sD5/ABx0njQ=</latexit>

s. t. ⇡ 2 ⇧(µ0, µ1)

seeking a joint probability distribution 

<latexit sha1_base64="DlDj93qow9x4Fg3KGFPgDK2sU/0="></latexit>

W(µ0, µ1) := inf⇡

Z Z
d(x, y)d⇡(x, y)

convex linear programming

scales quadratically with the 
number of variables

👍

👎



STANDARD CONVEX PROBLEMS

Optimal transport

Earth Mover’s Distance Earth Mover’s Distances  
on Discrete Surfaces 

Solomon, Rustamov, Guibas, Butscher (2014)
<latexit sha1_base64="ZHf+9dKtixNS8kr87nkwJoDSahY=">AAACFHicbVDLSgMxFM3UV62vUZduBotQUYYZkSq4KbpxWcE+oFNKJk3b0EwyJHeEMvQj3Pgrblwo4taFO//GTNuFth5IOJxzL/feE8acafC8byu3tLyyupZfL2xsbm3v2Lt7dS0TRWiNSC5VM8SaciZoDRhw2owVxVHIaSMc3mR+44EqzaS4h1FM2xHuC9ZjBIOROvZJIGOqMEglcERT7YI7Dq6CmAVMBFVWCqKk451mv3/csYue603gLBJ/RopohmrH/gq6kiQRFUA41rrlezG0U6yAEU7HhSDRNMZkiPu0ZWi2gW6nk6PGzpFRuk5PKvMEOBP1d0eKI61HUWgqIwwDPe9l4n9eK4HeZTtlIk6ACjId1Eu4A9LJEnK6TFECfGQIJoqZXR0ywAoTMDkWTAj+/MmLpH7m+mW3fHderFzP4sijA3SISshHF6iCblEV1RBBj+gZvaI368l6sd6tj2lpzpr17KM/sD5/ABx0njQ=</latexit>

s. t. ⇡ 2 ⇧(µ0, µ1)

seeking a joint probability distribution 

<latexit sha1_base64="DlDj93qow9x4Fg3KGFPgDK2sU/0="></latexit>

W(µ0, µ1) := inf⇡

Z Z
d(x, y)d⇡(x, y)

💡 lesson: convex does not always mean tractable!

convex linear programming

scales quadratically with the 
number of variables

👍

👎

<latexit sha1_base64="PSABvBclEomvFfrQ45vI60xO8PE="></latexit>

W(µ0, µ1) = infJ

Z
kJ(x)kdx

<latexit sha1_base64="QqC7DuaskA4wIJ51sZD/uKFf8CE="></latexit>

s. t. r · J(x) = ⇢1(x)� ⇢0(x)
<latexit sha1_base64="VmnpJLz9y0uedvvt5L3BTPj19g0=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqYIIRTciCBXsA5pQJpNpO3QyCTMTaQn9Bjf+ihsXirh15c6/cdJmoa0HBg7n3Hvn3uNFjEplWd9Gbml5ZXUtv17Y2Nza3jF395oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZXqd96IELSkN+rcUTcAPU57VGMlJa6ZvmmNCo72A8V5JpdWM650wsFYgyOoEO5EyGhKGLwtmsWrYo1BVwkdkaKIEO9a345fojjgHCFGZKyY1uRcpN0HmZkUnBiSSKEh6hPOppyFBDpJtOTJvBIKz7Um+jHFZyqvzsSFEg5DjxdGSA1kPNeKv7ndWLVO3MTyqNYEY5nH/ViBlUI03ygTwXBio01QVhQvSvEAyQQVjrFgg7Bnj95kTSPK3a1Ur07KdYuszjy4AAcghKwwSmogWtQBw2AwSN4Bq/gzXgyXox342NWmjOynn3wB8bnD6hQnEE=</latexit>

J(x) · n(x) = 0 8x 2 @M
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STANDARD CONVEX PROBLEMS

find the variable x that…

QUADRATIC PROGRAMMING (QP) 

<latexit sha1_base64="ijvpLULhuru88+dqUTX5kDOeR4E=">AAACHXicbZC7SgNBFIZn4y3GW9TSZjAIVmFXJAo2URvLCOYCSQizk5NkdHZnnTkrhiUvYuOr2FgoYmEjvo2TS2ESfxj4+c45nDm/H0lh0HV/nNTC4tLySno1s7a+sbmV3d6pGBVrDmWupNI1nxmQIoQyCpRQizSwwJdQ9e8uh/XqA2gjVHiD/QiaAeuGoiM4Q4ta2eOGikAzVDpkASQm9m+B44BOY1SWnNHzx4aEe+q3sjk3745E5403MTkyUamV/Wq0FY8DCJFLZkzdcyNsJkyj4BIGmUZsIGL8jnWhbu1wp2kmo+sG9MCSNu0obV+IdET/TiQsMKYf+LYzYNgzs7Uh/K9Wj7Fz2kxEGMUIIR8v6sSSoqLDqGhbaJuF7FvDuBb2r5T3mGYcbaAZG4I3e/K8qRzlvUK+cH2cK15M4kiTPbJPDolHTkiRXJESKRNOnsgLeSPvzrPz6nw4n+PWlDOZ2SVTcr5/AR0ioyM=</latexit>

subject to Ax  b

<latexit sha1_base64="g9EORAbduozrpqVkRQMdHa3khcI="></latexit>

minimize
1

2
x>Qx+ c>x+ d

minimizes the quadratic objective function

subject to the linear inequality constraints 

              so the objective is convex quadratic
<latexit sha1_base64="NC9BTJfga1NvDN7pkrzih9NeS0g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJREpLosunHZon1AE8NkOmmHTiZhZiLUEPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHD9mVCrL+jZKS8srq2vl9crG5tb2jrm715FRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP77O/e4DEZJG/E5NYuKGaMhpQDFSWvLMg5ZDuRMiNfL99Da75156mnlm1apZU8BFYhekCgo0PfPLGUQ4CQlXmCEp+7YVKzdFQlHMSFZxEklihMdoSPqachQS6abT9Bk81soABpHQjys4VX9vpCiUchL6ejLPKee9XPzP6ycquHRTyuNEEY5nh4KEQRXBvAo4oIJgxSaaICyozgrxCAmElS6sokuw57+8SDpnNbteq7fOq42roo4yOARH4ATY4AI0wA1ogjbA4BE8g1fwZjwZL8a78TEbLRnFzj74A+PzB7AalWU=</latexit>

Q 2 Sn+

Positive Semi-Definite (PSD) 
A symmetric matrix M is PSD if 

for every vector   .

<latexit sha1_base64="4qSsTLBinz/gg8BPBC/ROxLcYlg=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KolI9Vj04kWoYD+giWWznbRLN9m4uwmU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt7Wyura+sVnaKm/v7O7t2weHLSVSSaFJBReyExAFnMXQ1Exz6CQSSBRwaAejm6nfzkAqJuIHPU7Aj8ggZiGjRBupZ9vZo6dFgu9w5g3gCTs9u+JUnRnwMnELUkEFGj37y+sLmkYQa8qJUl3XSbSfE6kZ5TApe6mChNARGUDX0JhEoPx8dvkEnxqlj0MhTcUaz9TfEzmJlBpHgemMiB6qRW8q/ud1Ux1e+TmLk1RDTOeLwpRjLfA0BtxnEqjmY0MIlczciumQSEK1CatsQnAXX14mrfOqW6vW7i8q9esijhI6RifoDLnoEtXRLWqgJqIoQ8/oFb1ZufVivVsf89YVq5g5Qn9gff4APuKSxQ==</latexit>

v>Mv � 0
<latexit sha1_base64="4qSsTLBinz/gg8BPBC/ROxLcYlg=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KolI9Vj04kWoYD+giWWznbRLN9m4uwmU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt7Wyura+sVnaKm/v7O7t2weHLSVSSaFJBReyExAFnMXQ1Exz6CQSSBRwaAejm6nfzkAqJuIHPU7Aj8ggZiGjRBupZ9vZo6dFgu9w5g3gCTs9u+JUnRnwMnELUkEFGj37y+sLmkYQa8qJUl3XSbSfE6kZ5TApe6mChNARGUDX0JhEoPx8dvkEnxqlj0MhTcUaz9TfEzmJlBpHgemMiB6qRW8q/ud1Ux1e+TmLk1RDTOeLwpRjLfA0BtxnEqjmY0MIlczciumQSEK1CatsQnAXX14mrfOqW6vW7i8q9esijhI6RifoDLnoEtXRLWqgJqIoQ8/oFb1ZufVivVsf89YVq5g5Qn9gff4APuKSxQ==</latexit>

v>Mv � 0



STANDARD CONVEX PROBLEMS

Shape deformation

Bounded Biharmonic Weights for 
Real-Time Deformation 

Jacobson, Baran, Popović, Sorkine (2011)

<latexit sha1_base64="fwdVa4nCwUcJMEkZtZ+Brn44Lbc=">AAACFnicbVBNS8NAEN34bf2qevQSLIIXQyKiggiiF48K1haaEjbbabvtJht2J0qJ+RVe/CtePCjiVbz5b9x+HLT1wcDjvRlm5oWJ4Bpd99uamp6ZnZtfWCwsLa+srhXXN261TBWDMpNCqmpINQgeQxk5CqgmCmgUCqiE3Yu+X7kDpbmMb7CXQD2irZg3OaNopKC458sEFEWpYhpBph10cv/kPuhkD3mQXQbd/NRvgEAaZJ1uHhRLruMOYE8Sb0RKZISroPjlNyRLI4iRCap1zXMTrGdUIWcC8oKfakgo69IW1Azt36Dr2eCt3N4xSsNuSmUqRnug/p7IaKR1LwpNZ0Sxrce9vvifV0uxeVzPeJykCDEbLmqmwkZp9zOyG1wBQ9EzhDLFza02a1NFGZokCyYEb/zlSXK773iHzuH1QensfBTHAtki22SXeOSInJFLckXKhJFH8kxeyZv1ZL1Y79bHsHXKGs1skj+wPn8AIVugnw==</latexit>

s. t. wj |Hk = �jk
<latexit sha1_base64="tsl4yM1/+946iv2UNgZShqwIMFI=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KolIdVkUxGUF+4C2hMl00o6dPJi5UUvMxo2/4saFIm79B3f+jZM2C209cOFwzr0z9x43ElyBZX0bc/MLi0vLhZXi6tr6xqa5td1QYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x2eZ37zlknFw+AaRhHr+qQfcI9TAlpyzL075yZ5SJ3kIsUdYPeQYK5w9hqRqWOWrLI1Bp4ldk5KKEfNMb86vZDGPguACqJU27Yi6CZEAqeCpcVOrFhE6JD0WVvTgPhMdZPxFSk+0EoPe6HUFQAeq78nEuIrNfJd3ekTGKhpLxP/89oxeKfdhAdRDCygk4+8WGAIcRYJ7nHJKIiRJoRKrnfFdEAkoaCDK+oQ7OmTZ0njqGxXypWr41L1LI+jgHbRPjpENjpBVXSJaqiOKHpEz+gVvRlPxovxbnxMWueMfGYH/YHx+QMLwZjv</latexit>

wj |F is linear
<latexit sha1_base64="weEfTQzl50ODcLSQj+WOuHLqzkQ=">AAACB3icbVDLSgMxFM3UV62vqktBgkWomzIjUt0Uim5cVrAP6NQhk2batElmSDJKGbpz46+4caGIW3/BnX9j2s5CWw9cOJxzL/fe40eMKm3b31ZmaXlldS27ntvY3Nreye/uNVQYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h1cTv3lPpKKhuNWjiHQ46gkaUIy0kbz8oati7iWDijO+4/DBGxRdjnTfD5JofFJxvHzBLtlTwEXipKQAUtS8/JfbDXHMidCYIaXajh3pToKkppiRcc6NFYkQHqIeaRsqECeqk0z/GMNjo3RhEEpTQsOp+nsiQVypEfdN5+RINe9NxP+8dqyDi05CRRRrIvBsURAzqEM4CQV2qSRYs5EhCEtqboW4jyTC2kSXMyE48y8vksZpySmXyjdnheplGkcWHIAjUAQOOAdVcA1qoA4weATP4BW8WU/Wi/VufcxaM1Y6sw/+wPr8ATB1mOI=</latexit> mX

j=1

wj(p) = 1

<latexit sha1_base64="rnfc6vYhssL+969/vlj7YERplmY=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgVQklEqiBC0Y3LCvYBTSiTyaSddjKJMxOlhP6EG3/FjQtF3Aru/BsnbRfaeuDC4Zx7ufceL2ZUKsv6NhYWl5ZXVnNr+fWNza3tws5uQ0aJwKSOIxaJlockYZSTuqKKkVYsCAo9Rpre4Crzm/dESBrxWzWMiRuiLqcBxUhpqVMwLYeRO/jQ6ZecEKmeF6Tx6Gis2SZ0zmH/wjYd5kdKmmGnULTK1hhwnthTUgRT1DqFL8ePcBISrjBDUrZtK1ZuioSimJFR3kkkiREeoC5pa8pRSKSbjr8awUOt+DCIhC6u4Fj9PZGiUMph6OnO7HI562Xif147UcGZm1IeJ4pwPFkUJAyqCGYRQZ8KghUbaoKwoPpWiHtIIKx0kHkdgj378jxpHJftSrlyc1KsXk7jyIF9cABKwAanoAquQQ3UAQaP4Bm8gjfjyXgx3o2PSeuCMZ3ZA39gfP4Ak7edNA==</latexit>

0  wj(p)  1, j = 1, . . . ,m

<latexit sha1_base64="jiE9TLVsnooEgtyEzfPqIcDcm/0="></latexit>

arg min
wj , j=1,...,m

mX

j=1

1

2

Z

⌦
k�wjk2dV
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STANDARD CONVEX PROBLEMS

QUADRATICALLY CONSTRAINED 
QUADRATIC PROGRAMMING (QCQP) 

<latexit sha1_base64="cuduHSouHZYmq6Kd8adjcKPPx4s="></latexit>

subject to 1/2 x>Pix+ q>i x+ ri  0

<latexit sha1_base64="6jSrwYuM1y0wsERR3ZkNMe5AFJQ="></latexit>

minimize 1/2 x>Qx+ c>x+ d

               so the objective and  
constraints are convex quadratic

<latexit sha1_base64="uqWg31UWtnL25vE/vGElRFDlz6Q=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKUkItVl0Y3LFu0Dmhgm00k7dDIJMxOhxCz8FTcuFHHrb7jzb5y0WWj1wMDhnHu5Z44fMyqVZX0ZpYXFpeWV8mplbX1jc8vc3unIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x9f5X73nghJI36rJjFxQzTkNKAYKS155l7rpOlQ7oRIjXw/vcnuuJceZ55ZtWrWFPAvsQtSBQWanvnpDCKchIQrzJCUfduKlZsioShmJKs4iSQxwmM0JH1NOQqJdNNp/gweamUAg0joxxWcqj83UhRKOQl9PZnnlPNeLv7n9RMVXLgp5XGiCMezQ0HCoIpgXgYcUEGwYhNNEBZUZ4V4hATCSldW0SXY81/+SzqnNbteq7fOqo3Loo4y2AcH4AjY4Bw0wDVogjbA4AE8gRfwajwaz8ab8T4bLRnFzi74BePjG8BvlfU=</latexit>

Q,P 2 Sn+

find the variable x that…

minimizes the quadratic 
objective function

subject to the quadratic 
inequality constraints 



feasible set is the intersection of ellipsoids!

STANDARD CONVEX PROBLEMS

QUADRATICALLY CONSTRAINED 
QUADRATIC PROGRAMMING (QCQP) 

<latexit sha1_base64="cuduHSouHZYmq6Kd8adjcKPPx4s="></latexit>

subject to 1/2 x>Pix+ q>i x+ ri  0

<latexit sha1_base64="6jSrwYuM1y0wsERR3ZkNMe5AFJQ="></latexit>

minimize 1/2 x>Qx+ c>x+ d

               so the objective and  
constraints are convex quadratic

<latexit sha1_base64="uqWg31UWtnL25vE/vGElRFDlz6Q=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKUkItVl0Y3LFu0Dmhgm00k7dDIJMxOhxCz8FTcuFHHrb7jzb5y0WWj1wMDhnHu5Z44fMyqVZX0ZpYXFpeWV8mplbX1jc8vc3unIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x9f5X73nghJI36rJjFxQzTkNKAYKS155l7rpOlQ7oRIjXw/vcnuuJceZ55ZtWrWFPAvsQtSBQWanvnpDCKchIQrzJCUfduKlZsioShmJKs4iSQxwmM0JH1NOQqJdNNp/gweamUAg0joxxWcqj83UhRKOQl9PZnnlPNeLv7n9RMVXLgp5XGiCMezQ0HCoIpgXgYcUEGwYhNNEBZUZ4V4hATCSldW0SXY81/+SzqnNbteq7fOqo3Loo4y2AcH4AjY4Bw0wDVogjbA4AE8gRfwajwaz8ab8T4bLRnFzi74BePjG8BvlfU=</latexit>

Q,P 2 Sn+

find the variable x that…

minimizes the quadratic 
objective function

subject to the quadratic 
inequality constraints 



WHAT CAN BE DONE?

Point-to-point correspondence. Procrustes matching

<latexit sha1_base64="FhoIY4taggCSSc2yRqspAuCsRQ8=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYyLIrEm2EoI12MZgHJDHMTm6SIbMPZu6KYclv2PgrNhaKWGrl3zh5FJp4YOBwzj3cuceLpNDoON9WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV61+O/Oo9KC3C4BYHETR91g1ER3CGRmplnQbCAybaRpsOaemugWFES+fXR7RGJxZlNALlxzhODFvZnGM7Y9B54k5JjkxRbGU/G+2Qxz4EyCXTuu46ETYTplBwCcNMI9YQMd5nXagbGjAfdDMZXzakB0Zp006ozAuQjtXfiYT5Wg98z0z6DHt61huJ/3n1GDtnzUQEUYwQ8MmiTiwphnRUE20LBRzlwBDGlTB/pbzHFONoysyYEtzZk+dJ5dh283b+5iRXuJjWkSZ7ZJ8cEpeckgK5IkVSJpw8kmfySt6sJ+vFerc+JqMpa5rZJX9gff0ACVCfvw==</latexit>

s.t. R>R = I,X a permutation

<latexit sha1_base64="0CX4seB9VoNkzxwjTSl9GicN7+s=">AAACDXicbVDLSgNBEJz1GeNr1aOXxSh4MewGiR6DgnhMxGggG8PspKND5rHMzApxkx/w4q948aCIV+/e/Bsnj4MmFjQUVd10d0Uxo9r4/rczMzs3v7CYWcour6yurbsbm1daJopAlUgmVS3CGhgVUDXUMKjFCjCPGFxHndOBf30PSlMpLk03hgbHt4K2KcHGSk13N5QxKGykEphDyqmgnD5AP+xdlA8qtbDXPLspNN2cn/eH8KZJMCY5NEa56X6FLUkSDsIQhrWuB35sGilWhhIG/WyYaIgx6eBbqFs6WK0b6fCbvrdnlZbXlsqWMN5Q/T2RYq51l0e2k2Nzpye9gfifV09M+7iRUhEnBgQZLWonzDPSG0TjtagCYljXEkwUtbd65A4rTIwNMGtDCCZfniZXhXxQzBcrh7nSyTiODNpGO2gfBegIldA5KqMqIugRPaNX9OY8OS/Ou/Mxap1xxjNb6A+czx8sHJw+</latexit>

minimize kRP �QXk2F



STANDARD CONVEX PROBLEMS

Point-to-point correspondence. Procrustes matching

<latexit sha1_base64="FhoIY4taggCSSc2yRqspAuCsRQ8=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYyLIrEm2EoI12MZgHJDHMTm6SIbMPZu6KYclv2PgrNhaKWGrl3zh5FJp4YOBwzj3cuceLpNDoON9WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV61+O/Oo9KC3C4BYHETR91g1ER3CGRmplnQbCAybaRpsOaemugWFES+fXR7RGJxZlNALlxzhODFvZnGM7Y9B54k5JjkxRbGU/G+2Qxz4EyCXTuu46ETYTplBwCcNMI9YQMd5nXagbGjAfdDMZXzakB0Zp006ozAuQjtXfiYT5Wg98z0z6DHt61huJ/3n1GDtnzUQEUYwQ8MmiTiwphnRUE20LBRzlwBDGlTB/pbzHFONoysyYEtzZk+dJ5dh283b+5iRXuJjWkSZ7ZJ8cEpeckgK5IkVSJpw8kmfySt6sJ+vFerc+JqMpa5rZJX9gff0ACVCfvw==</latexit>

s.t. R>R = I,X a permutation

<latexit sha1_base64="0CX4seB9VoNkzxwjTSl9GicN7+s=">AAACDXicbVDLSgNBEJz1GeNr1aOXxSh4MewGiR6DgnhMxGggG8PspKND5rHMzApxkx/w4q948aCIV+/e/Bsnj4MmFjQUVd10d0Uxo9r4/rczMzs3v7CYWcour6yurbsbm1daJopAlUgmVS3CGhgVUDXUMKjFCjCPGFxHndOBf30PSlMpLk03hgbHt4K2KcHGSk13N5QxKGykEphDyqmgnD5AP+xdlA8qtbDXPLspNN2cn/eH8KZJMCY5NEa56X6FLUkSDsIQhrWuB35sGilWhhIG/WyYaIgx6eBbqFs6WK0b6fCbvrdnlZbXlsqWMN5Q/T2RYq51l0e2k2Nzpye9gfifV09M+7iRUhEnBgQZLWonzDPSG0TjtagCYljXEkwUtbd65A4rTIwNMGtDCCZfniZXhXxQzBcrh7nSyTiODNpGO2gfBegIldA5KqMqIugRPaNX9OY8OS/Ou/Mxap1xxjNb6A+czx8sHJw+</latexit>

minimize kRP �QXk2F

Question: is this problem convex?



STANDARD CONVEX PROBLEMS

Point-to-point correspondence. Procrustes matching

<latexit sha1_base64="FhoIY4taggCSSc2yRqspAuCsRQ8=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYyLIrEm2EoI12MZgHJDHMTm6SIbMPZu6KYclv2PgrNhaKWGrl3zh5FJp4YOBwzj3cuceLpNDoON9WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV61+O/Oo9KC3C4BYHETR91g1ER3CGRmplnQbCAybaRpsOaemugWFES+fXR7RGJxZlNALlxzhODFvZnGM7Y9B54k5JjkxRbGU/G+2Qxz4EyCXTuu46ETYTplBwCcNMI9YQMd5nXagbGjAfdDMZXzakB0Zp006ozAuQjtXfiYT5Wg98z0z6DHt61huJ/3n1GDtnzUQEUYwQ8MmiTiwphnRUE20LBRzlwBDGlTB/pbzHFONoysyYEtzZk+dJ5dh283b+5iRXuJjWkSZ7ZJ8cEpeckgK5IkVSJpw8kmfySt6sJ+vFerc+JqMpa5rZJX9gff0ACVCfvw==</latexit>

s.t. R>R = I,X a permutation

<latexit sha1_base64="0CX4seB9VoNkzxwjTSl9GicN7+s=">AAACDXicbVDLSgNBEJz1GeNr1aOXxSh4MewGiR6DgnhMxGggG8PspKND5rHMzApxkx/w4q948aCIV+/e/Bsnj4MmFjQUVd10d0Uxo9r4/rczMzs3v7CYWcour6yurbsbm1daJopAlUgmVS3CGhgVUDXUMKjFCjCPGFxHndOBf30PSlMpLk03hgbHt4K2KcHGSk13N5QxKGykEphDyqmgnD5AP+xdlA8qtbDXPLspNN2cn/eH8KZJMCY5NEa56X6FLUkSDsIQhrWuB35sGilWhhIG/WyYaIgx6eBbqFs6WK0b6fCbvrdnlZbXlsqWMN5Q/T2RYq51l0e2k2Nzpye9gfifV09M+7iRUhEnBgQZLWonzDPSG0TjtagCYljXEkwUtbd65A4rTIwNMGtDCCZfniZXhXxQzBcrh7nSyTiODNpGO2gfBegIldA5KqMqIugRPaNX9OY8OS/Ou/Mxap1xxjNb6A+czx8sHJw+</latexit>

minimize kRP �QXk2F

Question: is this problem convex? NO



STANDARD CONVEX PROBLEMS

Point-to-point correspondence. Procrustes matching

<latexit sha1_base64="FhoIY4taggCSSc2yRqspAuCsRQ8=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYyLIrEm2EoI12MZgHJDHMTm6SIbMPZu6KYclv2PgrNhaKWGrl3zh5FJp4YOBwzj3cuceLpNDoON9WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV61+O/Oo9KC3C4BYHETR91g1ER3CGRmplnQbCAybaRpsOaemugWFES+fXR7RGJxZlNALlxzhODFvZnGM7Y9B54k5JjkxRbGU/G+2Qxz4EyCXTuu46ETYTplBwCcNMI9YQMd5nXagbGjAfdDMZXzakB0Zp006ozAuQjtXfiYT5Wg98z0z6DHt61huJ/3n1GDtnzUQEUYwQ8MmiTiwphnRUE20LBRzlwBDGlTB/pbzHFONoysyYEtzZk+dJ5dh283b+5iRXuJjWkSZ7ZJ8cEpeckgK5IkVSJpw8kmfySt6sJ+vFerc+JqMpa5rZJX9gff0ACVCfvw==</latexit>

s.t. R>R = I,X a permutation

<latexit sha1_base64="0CX4seB9VoNkzxwjTSl9GicN7+s=">AAACDXicbVDLSgNBEJz1GeNr1aOXxSh4MewGiR6DgnhMxGggG8PspKND5rHMzApxkx/w4q948aCIV+/e/Bsnj4MmFjQUVd10d0Uxo9r4/rczMzs3v7CYWcour6yurbsbm1daJopAlUgmVS3CGhgVUDXUMKjFCjCPGFxHndOBf30PSlMpLk03hgbHt4K2KcHGSk13N5QxKGykEphDyqmgnD5AP+xdlA8qtbDXPLspNN2cn/eH8KZJMCY5NEa56X6FLUkSDsIQhrWuB35sGilWhhIG/WyYaIgx6eBbqFs6WK0b6fCbvrdnlZbXlsqWMN5Q/T2RYq51l0e2k2Nzpye9gfifV09M+7iRUhEnBgQZLWonzDPSG0TjtagCYljXEkwUtbd65A4rTIwNMGtDCCZfniZXhXxQzBcrh7nSyTiODNpGO2gfBegIldA5KqMqIugRPaNX9OY8OS/Ou/Mxap1xxjNb6A+czx8sHJw+</latexit>

minimize kRP �QXk2F

Question: is this problem convex? NO

Point Registration via Efficient 
Convex Relaxation 

Maron, Dym, Kezurer, Kovalsky, Lipman (2016)

We will see the 
relaxation later…
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STANDARD CONVEX PROBLEMS

SECOND-ORDER CONE 
PROGRAMMING (SOCP) 

<latexit sha1_base64="zw6/Sn9n04QK4bLEeliQl+SPdNc=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkVUsBFtLBWMBrIxzE7u6uA8lpm7YlzyATb+io2FIrZ+gJ1/4+RRqPHAwOGcc7lzT5JJ4TAMv4Kx8YnJqemZ2dLc/MLiUnl55dyZ3HKocSONrSfMgRQaaihQQj2zwFQi4SK5Oer5F7dgnTD6DDsZNBW70iIVnKGXWuVKbDKwDI3VTEGhhBZK3EOXxvs0vYzRZPTOp8Jq2AcdJdGQVMgQJ63yZ9w2PFegkUvmXCMKM2wWzKLgErqlOHeQMX7DrqDhaW+zaxb9Y7p0wyttmhrrn0baV39OFEw511GJTyqG1+6v1xP/8xo5pnvNQugsR9B8sCjNJUVDe83QtrDAUXY8YdwK/1fKr5llHH1/JV9C9PfkUXK+VY12qjun25WDw2EdM2SNrJNNEpFdckCOyQmpEU4eyBN5Ia/BY/AcvAXvg+hYMJxZJb8QfHwDOm+buQ==</latexit>

minimize f>x
<latexit sha1_base64="VdD9/KOmBkgm/9VIz/ZrXeau8oU="></latexit>

subject to kAix+ bik2  c>i x+ di
<latexit sha1_base64="l80K4rkfyhXBOzcigENN9d02/nk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EoiAeK9gPaJeSTbNtaJJdk6xYlv4FLx4U8eof8ua/MdvuQasPBh7vzTAzL4g508Z1v5zC0vLK6lpxvbSxubW9U97da+koUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK8yv/1AlWaRvDOTmPoCDyULGcEmk64fL+775YpbdWdAf4mXkwrkaPTLn71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+Ort1io6sMkBhpGxJg2bqz4kUC60nIrCdApuRXvQy8T+vm5jw3E+ZjBNDJZkvChOOTISyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3+PJf0jqperVq7fa0Ur/M4yjCARzCMXhwBnW4gQY0gcAInuAFXh3hPDtvzvu8teDkM/vwC87HN8xqjhk=</latexit>

Fx = q
inequality constraints are 

second-order cones

find the variable x that…

minimizes the linear objective function

subject to the cone and linear constraints 



STANDARD CONVEX PROBLEMS

Optimal transport

Sour

Dynamical Optimal Transport 
on Discrete Surfaces 

Lavenant, Claici, Chien, Solomon (2018)
<latexit sha1_base64="nUSh2QLgnzK8f5kzKY1rWpt346Y="></latexit>

W(µ0, µ1) = max�

Z
�1dµ1 �

Z
�0dµ0

<latexit sha1_base64="lGMqrJWWTGe/mkcRMh8i/KTEG2Y="></latexit>

s. t. @t�+
1

2
kr�k2  0

source target
move mass



Quadratic 
Inequality Constraints

STANDARD CONVEX PROBLEMS

Optimal transport

Sour

Dynamical Optimal Transport 
on Discrete Surfaces 

Lavenant, Claici, Chien, Solomon (2018)
<latexit sha1_base64="nUSh2QLgnzK8f5kzKY1rWpt346Y="></latexit>

W(µ0, µ1) = max�

Z
�1dµ1 �

Z
�0dµ0

<latexit sha1_base64="lGMqrJWWTGe/mkcRMh8i/KTEG2Y="></latexit>

s. t. @t�+
1

2
kr�k2  0

source target
move mass

quadratic constraint?

<latexit sha1_base64="JO+55Xk/iftgoHgAq8iQmJFxR70=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDEITRikyPQy8eN3AvsNaRpukWlqY1SWWj7OjFr+LFgyJe/Qje/DamWw+6+YfAL//neUievxczKpVlfRuFpeWV1bXiemljc2t7x9zda8koEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG15n9fYDEZJG/FaNY+KGqM9pQDFS2uqZh6M7R0UxbMARPIV4dsnQdxi5h1bPLFsVayq4CHYOZZCr3jO/HD/CSUi4wgxJ2bWtWLkpEopiRiYlJ5EkRniI+qSrkaOQSDedLjKBx9rxYRAJfbiCU/f3RIpCKcehpztDpAZyvpaZ/9W6iQou3ZTyOFGE49lDQcKgimCWCvSpIFixsQaEBdV/hXiABMJKZ1fSIdjzKy9C66xiVyvVxnm5dpXHUQQH4AicABtcgBq4AXXQBBg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39kfP4AYVmXqg==</latexit>

x>Qx+ c>x+ d  0

Cone constraints
<latexit sha1_base64="seCs8x9qm931CV+SGHBJFws9X80="></latexit>����Q
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Quadratic 
Inequality Constraints

STANDARD CONVEX PROBLEMS

Optimal transport

quadratic constraint?

<latexit sha1_base64="JO+55Xk/iftgoHgAq8iQmJFxR70=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDEITRikyPQy8eN3AvsNaRpukWlqY1SWWj7OjFr+LFgyJe/Qje/DamWw+6+YfAL//neUievxczKpVlfRuFpeWV1bXiemljc2t7x9zda8koEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG15n9fYDEZJG/FaNY+KGqM9pQDFS2uqZh6M7R0UxbMARPIV4dsnQdxi5h1bPLFsVayq4CHYOZZCr3jO/HD/CSUi4wgxJ2bWtWLkpEopiRiYlJ5EkRniI+qSrkaOQSDedLjKBx9rxYRAJfbiCU/f3RIpCKcehpztDpAZyvpaZ/9W6iQou3ZTyOFGE49lDQcKgimCWCvSpIFixsQaEBdV/hXiABMJKZ1fSIdjzKy9C66xiVyvVxnm5dpXHUQQH4AicABtcgBq4AXXQBBg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39kfP4AYVmXqg==</latexit>

x>Qx+ c>x+ d  0

Cone constraints
<latexit sha1_base64="seCs8x9qm931CV+SGHBJFws9X80="></latexit>����Q
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Sour

Dynamical Optimal Transport 
on Discrete Surfaces 

Lavenant, Claici, Chien, Solomon (2018)
<latexit sha1_base64="nUSh2QLgnzK8f5kzKY1rWpt346Y="></latexit>

W(µ0, µ1) = max�

Z
�1dµ1 �

Z
�0dµ0

<latexit sha1_base64="lGMqrJWWTGe/mkcRMh8i/KTEG2Y="></latexit>

s. t. @t�+
1

2
kr�k2  0

source target
move mass

We will see it again later…
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STANDARD CONVEX PROBLEMS

SEMIDEFINITE 
PROGRAMMING (SDP) 

<latexit sha1_base64="rZy3N0qYWSEKJ51/DboUgWrv5fQ=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIJewq6ICl5ELx4VjAayMcxOOmbIPJaZXiEu+RQv/ooXD4roTb/GScxBEwsaiqpuuruSVAqHYfgZTExOTc/Mzs0XFhaXlleKq2tXzmSWQ4UbaWw1YQ6k0FBBgRKqqQWmEgnXSee071/fgXXC6EvsplBX7FaLluAMvdQoHsQmBcvQWM0U5EpoocQ99OKjvwZaxqG3fXoTo0lpdadRLIXlcAA6TqIhKZEhzhvFj7hpeKZAI5fMuVoUpljPmUXBJfQKceYgZbzDbqHmaX+pq+eDB3t0yytN2jLWl0Y6UH9P5Ew511WJ71QM227U64v/ebUMW4f1XOg0Q9D8Z1ErkxQN7adFm8ICR9n1hHEr/K2Ut5nPAn2mBR9CNPryOLnaLUf75f2LvdLxyTCOObJBNsk2icgBOSZn5JxUCCcP5Im8kNfgMXgO3oL3n9aJYDizTv4g+PoGGMCkvw==</latexit>

minimize trace(C>X)
<latexit sha1_base64="biiOqNDfIXvuoz/1NvDv2fjQt4I="></latexit>

subject to trace(A>
i X)  bi

<latexit sha1_base64="eaLPMeeazIKcnwPY9Ovbeq8cJ+k=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkgbymY7aZfubuLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqig0a81i1Q6KRM4kNwwzHdqKQiJBjKxzdTP3WEyrNYnlvxgkGggwkixglxkoP7a5OKcVHr1cqexVvBneZ+DkpQ456r/TV7cc0FSgN5UTrju8lJsiIMoxynBS7qcaE0BEZYMdSSQTqIJsdPHFPrdJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUdGG4C++vEya5xW/WqneXZRr13kcBTiGEzgDHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0rTj5zBH/gfP4Ak2yQRw==</latexit>

X ⌫ 0
constraint is a linear 

matrix inequality (LMI) 

find the variable x that…

minimizes the linear objective function

subject to the LMI and PSD constraints 



STANDARD CONVEX PROBLEMS

Volumetric mesh deformations

Controlling Singular Values 
with Semidefinite Programming 

Kovalsky, Aigerman, Basri, Lipman (2014)
<latexit sha1_base64="Sccx1+4DHLU2Z/eanlzvk+04fkc="></latexit>

min
A2Rn⇥n

||A�B||F

s.t.

✓
�I A
AT �I

◆
⌫ 0

A+AT

2
⌫ �I



OUR ROADMAP

OPTIMIZATION 

1. The Fundamentals 

2. Convexity 

3. Why Convexity? 

4. Standard Convex Problems 

CONVEX RELAXATION 

5. Viscosity Solutions 

6. Mapping Problems 

7. Optimal Transport 

8. SOS Relaxations 

9. Convex Substructures

Non-standard

CONSTRAINED

UNCONSTRAINED

Linear Programming 
(LP)

Quadratic 
Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

SIMPLIFIED TAXONOMY OF CONVEX 

Non-standard



59

COFFEE BREAK

💭Questions?



OUR ROADMAP

OPTIMIZATION 

1. The Fundamentals 

2. Convexity 

3. Why Convexity? 

4. Standard Convex Problems 

CONVEX RELAXATION 

5. PDE Solutions 

6. Mapping Problems 

7. Optimal Transport 

8. SOS Relaxations 

9. Convex Substructures

Non-standard

CONSTRAINED

UNCONSTRAINED

Linear Programming 
(LP)

Quadratic 
Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

SIMPLIFIED TAXONOMY OF CONVEX 

Non-standard



VISCOSITY SOLUTIONS

Computing geodesic distances

Geometry Central. Nicholas Sharp, 
Keenan Crane and others (2019)

one source…

… to all targets

geodesic path 
between two 

points

Crane, Weischedel, Wardetzky (2013)



VISCOSITY SOLUTIONS

Computing geodesic distances

Geometry Central. Nicholas Sharp, 
Keenan Crane and others (2019)

geodesic path 
between two 

points

one source…

… to all targets

Eikonal equation 
<latexit sha1_base64="QtcnRXJDnjL0y/kCsdqOHxq81Hg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHCOYB2SXMTmaTIbOzyzyEsMlvePGgiFd/xpt/4yTZgyYWNBRV3XR3hSlnSrvut1NYW9/Y3Cpul3Z29/YPyodHLZUYSWiTJDyRnRArypmgTc00p51UUhyHnLbD0d3Mbz9RqVgiHvU4pUGMB4JFjGBtJX/iCxxyjMzkxuuVK27VnQOtEi8nFcjR6JW//H5CTEyFJhwr1fXcVAcZlpoRTqcl3yiaYjLCA9q1VOCYqiCb3zxFZ1bpoyiRtoRGc/X3RIZjpcZxaDtjrIdq2ZuJ/3ldo6PrIGMiNZoKslgUGY50gmYBoD6TlGg+tgQTyeytiAyxxETbmEo2BG/55VXSuqh6tWrt4bJSv83jKMIJnMI5eHAFdbiHBjSBQArP8ApvjnFenHfnY9FacPKZY/gD5/MHdXKRUg==</latexit>

|ru| = 1

Crane, Weischedel, Wardetzky (2013)
<latexit sha1_base64="wewT8ALXCthM5GXTz3K39YbUe6s=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4KlmR6kUoevFYwX5guyzZNNuGZrNLkhXL2n/hxYMiXv033vw3pu0etPXBwOO9GWbmBYng2mD87Swtr6yurRc2iptb2zu7pb39po5TRVmDxiJW7YBoJrhkDcONYO1EMRIFgrWC4fXEbz0wpXks78woYV5E+pKHnBJjpfv0yc8efTy+xH6pjCt4CrRI3JyUIUfdL311ezFNIyYNFUTrjosT42VEGU4FGxe7qWYJoUPSZx1LJYmY9rLpxWN0bJUeCmNlSxo0VX9PZCTSehQFtjMiZqDnvYn4n9dJTXjhZVwmqWGSzhaFqUAmRpP3UY8rRo0YWUKo4vZWRAdEEWpsSEUbgjv/8iJpnlbcaqV6e1auXeVxFOAQjuAEXDiHGtxAHRpAQcIzvMKbo50X5935mLUuOfnMAfyB8/kDPKOQpQ==</latexit>

u|x0 = 0
with boundary condition:



VISCOSITY SOLUTIONS

Computing geodesic distances

An ADMM-based Scheme for 
Distance Function Approximation 

Belyaev & Fayolle (2020)



VISCOSITY SOLUTIONS

Computing geodesic distances

<latexit sha1_base64="YsSPm0Yefr3lpabLm6C8V6Owoi0="></latexit>

max�

Z

⌦
�dx s.t.|r�|  1,�|@⌦ = 0

💡 KEY INSIGHT

An ADMM-based Scheme for 
Distance Function Approximation 

Belyaev & Fayolle (2020)



VISCOSITY SOLUTIONS

A Convex Optimization Framework 
for Regularized Geodesic Distances 

Edelstein, Guillen, Solomon, Ben-Chen (2020)

Regularizer
<latexit sha1_base64="q0FUIAXmsU/YteuB2kfJlxUFI+A="></latexit>

E(u) =
Z

⌦
F (ru(x), x)dVol(x)

Question: What if we want the distances 
to be regularized instead of approximate?



VISCOSITY SOLUTIONS

A Convex Optimization Framework 
for Regularized Geodesic Distances 

Edelstein, Guillen, Solomon, Ben-Chen (2023)

Regularizer
<latexit sha1_base64="q0FUIAXmsU/YteuB2kfJlxUFI+A="></latexit>

E(u) =
Z

⌦
F (ru(x), x)dVol(x)

Dirichlet Localized 
Vector Field

Dirichlet and Vector 
Field Alignment

Question: What if we want the distances 
to be regularized instead of approximate?



VISCOSITY SOLUTIONS

Computing regularized geodesic distances.

A Convex Optimization Framework 
for Regularized Geodesic Distances 

Edelstein, Guillen, Solomon, Ben-Chen (2023)
<latexit sha1_base64="YsSPm0Yefr3lpabLm6C8V6Owoi0="></latexit>

max�

Z

⌦
�dx s.t.|r�|  1,�|@⌦ = 0

recall Belyaev & Fayolle (2020)

<latexit sha1_base64="nRzeTK3u/LhN5uAbhin84EW571o="></latexit>

minu E(u)�
Z

M
udx

s.t.|ru|  1,

u|@M = 0

<latexit sha1_base64="nRzeTK3u/LhN5uAbhin84EW571o="></latexit>

minu E(u)�
Z

M
udx

s.t.|ru|  1,

u|@M = 0

<latexit sha1_base64="nRzeTK3u/LhN5uAbhin84EW571o="></latexit>

minu E(u)�
Z

M
udx

s.t.|ru|  1,

u|@M = 0

Same relaxation strategy: supersolutions

💡 KEY INSIGHT



VISCOSITY SOLUTIONS

A Framework for Solving Parabolic 
Partial Differential Equations on 

Discrete Domains 
Mattos Da Silva, Stein, Solomon (2024)

Second-order parabolic PDE
<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>

@u

@t
+H(x, u,ru) = "�u

Question: What if we want to solve more 
general time-evolving PDE?



VISCOSITY SOLUTIONS

Regularizer
<latexit sha1_base64="q0FUIAXmsU/YteuB2kfJlxUFI+A="></latexit>

E(u) =
Z

⌦
F (ru(x), x)dVol(x)

recall Edelstein et al. (2023)

Eikonal equation 

first-order PDE 
static 

<latexit sha1_base64="QtcnRXJDnjL0y/kCsdqOHxq81Hg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHCOYB2SXMTmaTIbOzyzyEsMlvePGgiFd/xpt/4yTZgyYWNBRV3XR3hSlnSrvut1NYW9/Y3Cpul3Z29/YPyodHLZUYSWiTJDyRnRArypmgTc00p51UUhyHnLbD0d3Mbz9RqVgiHvU4pUGMB4JFjGBtJX/iCxxyjMzkxuuVK27VnQOtEi8nFcjR6JW//H5CTEyFJhwr1fXcVAcZlpoRTqcl3yiaYjLCA9q1VOCYqiCb3zxFZ1bpoyiRtoRGc/X3RIZjpcZxaDtjrIdq2ZuJ/3ldo6PrIGMiNZoKslgUGY50gmYBoD6TlGg+tgQTyeytiAyxxETbmEo2BG/55VXSuqh6tWrt4bJSv83jKMIJnMI5eHAFdbiHBjSBQArP8ApvjnFenHfnY9FacPKZY/gD5/MHdXKRUg==</latexit>

|ru| = 1

A Framework for Solving Parabolic 
Partial Differential Equations on 

Discrete Domains 
Mattos Da Silva, Stein, Solomon (2024)

Second-order parabolic PDE
<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>

@u

@t
+H(x, u,ru) = "�u

Question: What if we want to solve more 
general time-evolving PDE?



Same* relaxation strategy: supersolutions 

first, apply splitting technique. 

VISCOSITY SOLUTIONS

1.                  Linear solve 

2.                                 Convex relaxation 

3.                  Linear solve, again

<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>
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A Framework for Solving Parabolic 
Partial Differential Equations on 

Discrete Domains 
Mattos Da Silva, Stein, Solomon (2024)

Second-order parabolic PDE
<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>

@u

@t
+H(x, u,ru) = "�u

Question: What if we want to solve more 
general time-evolving PDE?



Same* relaxation strategy: supersolutions 

first, apply splitting technique. 

VISCOSITY SOLUTIONS

1.                  Linear solve 

2.                                 Convex relaxation 

3.                  Linear solve, again

<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>

@u

@t
+H(x, u,ru) = "�u

<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>

@u

@t
+H(x, u,ru) = "�u

A Framework for Solving Parabolic 
Partial Differential Equations on 

Discrete Domains 
Mattos Da Silva, Stein, Solomon (2024)

Second-order parabolic PDE
<latexit sha1_base64="qWTJezUBVP+F1mjOTkFd5pwD380="></latexit>

@u

@t
+H(x, u,ru) = "�u

Question: What if we want to solve more 
general time-evolving PDE?

                 

2.                                 Convex relaxation 

💡 KEY INSIGHT
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MAPPING PROBLEMS

Point-to-point correspondence

Point Registration via Efficient 
Convex Relaxation 

Maron, Dym, Kezurer, Kovalsky, Lipman (2016)



Relaxing QCQP into SDP-LC

MAPPING PROBLEMS

💡 KEY INSIGHT

Procrustes matching

<latexit sha1_base64="FhoIY4taggCSSc2yRqspAuCsRQ8=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYyLIrEm2EoI12MZgHJDHMTm6SIbMPZu6KYclv2PgrNhaKWGrl3zh5FJp4YOBwzj3cuceLpNDoON9WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV61+O/Oo9KC3C4BYHETR91g1ER3CGRmplnQbCAybaRpsOaemugWFES+fXR7RGJxZlNALlxzhODFvZnGM7Y9B54k5JjkxRbGU/G+2Qxz4EyCXTuu46ETYTplBwCcNMI9YQMd5nXagbGjAfdDMZXzakB0Zp006ozAuQjtXfiYT5Wg98z0z6DHt61huJ/3n1GDtnzUQEUYwQ8MmiTiwphnRUE20LBRzlwBDGlTB/pbzHFONoysyYEtzZk+dJ5dh283b+5iRXuJjWkSZ7ZJ8cEpeckgK5IkVSJpw8kmfySt6sJ+vFerc+JqMpa5rZJX9gff0ACVCfvw==</latexit>

s.t. R>R = I,X a permutation

<latexit sha1_base64="0CX4seB9VoNkzxwjTSl9GicN7+s=">AAACDXicbVDLSgNBEJz1GeNr1aOXxSh4MewGiR6DgnhMxGggG8PspKND5rHMzApxkx/w4q948aCIV+/e/Bsnj4MmFjQUVd10d0Uxo9r4/rczMzs3v7CYWcour6yurbsbm1daJopAlUgmVS3CGhgVUDXUMKjFCjCPGFxHndOBf30PSlMpLk03hgbHt4K2KcHGSk13N5QxKGykEphDyqmgnD5AP+xdlA8qtbDXPLspNN2cn/eH8KZJMCY5NEa56X6FLUkSDsIQhrWuB35sGilWhhIG/WyYaIgx6eBbqFs6WK0b6fCbvrdnlZbXlsqWMN5Q/T2RYq51l0e2k2Nzpye9gfifV09M+7iRUhEnBgQZLWonzDPSG0TjtagCYljXEkwUtbd65A4rTIwNMGtDCCZfniZXhXxQzBcrh7nSyTiODNpGO2gfBegIldA5KqMqIugRPaNX9OY8OS/Ou/Mxap1xxjNb6A+czx8sHJw+</latexit>

minimize kRP �QXk2F

non-convex QCQP can be 
relaxed to SDP at the cost of 

exactness



Relaxing QCQP into SDP-LC

MAPPING PROBLEMS

💡 KEY INSIGHT

Procrustes matching

<latexit sha1_base64="FhoIY4taggCSSc2yRqspAuCsRQ8=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYyLIrEm2EoI12MZgHJDHMTm6SIbMPZu6KYclv2PgrNhaKWGrl3zh5FJp4YOBwzj3cuceLpNDoON9WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV61+O/Oo9KC3C4BYHETR91g1ER3CGRmplnQbCAybaRpsOaemugWFES+fXR7RGJxZlNALlxzhODFvZnGM7Y9B54k5JjkxRbGU/G+2Qxz4EyCXTuu46ETYTplBwCcNMI9YQMd5nXagbGjAfdDMZXzakB0Zp006ozAuQjtXfiYT5Wg98z0z6DHt61huJ/3n1GDtnzUQEUYwQ8MmiTiwphnRUE20LBRzlwBDGlTB/pbzHFONoysyYEtzZk+dJ5dh283b+5iRXuJjWkSZ7ZJ8cEpeckgK5IkVSJpw8kmfySt6sJ+vFerc+JqMpa5rZJX9gff0ACVCfvw==</latexit>

s.t. R>R = I,X a permutation

<latexit sha1_base64="0CX4seB9VoNkzxwjTSl9GicN7+s=">AAACDXicbVDLSgNBEJz1GeNr1aOXxSh4MewGiR6DgnhMxGggG8PspKND5rHMzApxkx/w4q948aCIV+/e/Bsnj4MmFjQUVd10d0Uxo9r4/rczMzs3v7CYWcour6yurbsbm1daJopAlUgmVS3CGhgVUDXUMKjFCjCPGFxHndOBf30PSlMpLk03hgbHt4K2KcHGSk13N5QxKGykEphDyqmgnD5AP+xdlA8qtbDXPLspNN2cn/eH8KZJMCY5NEa56X6FLUkSDsIQhrWuB35sGilWhhIG/WyYaIgx6eBbqFs6WK0b6fCbvrdnlZbXlsqWMN5Q/T2RYq51l0e2k2Nzpye9gfifV09M+7iRUhEnBgQZLWonzDPSG0TjtagCYljXEkwUtbd65A4rTIwNMGtDCCZfniZXhXxQzBcrh7nSyTiODNpGO2gfBegIldA5KqMqIugRPaNX9OY8OS/Ou/Mxap1xxjNb6A+czx8sHJw+</latexit>

minimize kRP �QXk2F

constraints are then linear, but also 
introduces PSD and rank(1) constraintsnon-convex QCQP can be 

relaxed to SDP at the cost of 
exactness drop the rank(1) constraints

introduce new variable  

and rewrite in standard quadratic 

<latexit sha1_base64="NcRmK1CsuJ4QUvARqMFncOtru8k="></latexit>

Z = zz>, z = [vec(R), vec(X)]

lots of steps… let’s stick to the big ideas!



MAPPING PROBLEMS

Question: What if instead of relaxing the Procrustes 

matching, we relax the requirement that correspondences 

be exact point‐to‐point bijections?

💡lesson: 

another strategy is to relax the problem itself to obtain an already 
convex formulation instead of performing a proper relaxation.



MAPPING PROBLEMS

💡 KEY INSIGHT
Replace the “all or nothing” bijection 

constraints with linear probabilistic ones. 
allow mass-splitting

Soft Maps Between 
Surfaces 

Solomon, Nguyen, Butscher, Ben-Chen, Guibas (2012)



OUR ROADMAP

OPTIMIZATION 

1. The Fundamentals 

2. Convexity 

3. Why Convexity? 

4. Standard Convex Problems 

CONVEX RELAXATION 

5. Viscosity Solutions 

6. Mapping Problems 

7. Optimal Transport 

8. SOS Relaxations 

9. Convex Substructures

Non-standard

CONSTRAINED

UNCONSTRAINED

Linear Programming 
(LP)

Quadratic 
Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

SIMPLIFIED TAXONOMY OF CONVEX 

Non-standard



OPTIMAL TRANSPORT

Optimal transport

Monge’s original 
formulation

NON-CONVEX! 
<latexit sha1_base64="A6bpE5AjmQOMpppJQE0RR33YMxA=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgKiQiVRCh6MZlhb6gKWEynbZDJ5kwcyOU0C9w46+4caGIW9fu/BsnbRZaPTDD4Zx7ufeeIBZcg+N8WYWV1bX1jeJmaWt7Z3evvH/Q1jJRlLWoFFJ1A6KZ4BFrAQfBurFiJAwE6wSTm8zv3DOluYyaMI1ZPySjiA85JWAkv1z1ZMwUAakiErJU22DPvEvc9L2KFya+c5X9rl+uOLYzB/5L3JxUUI6GX/70BpImIYuACqJ1z3Vi6KdEAaeCzUpeollM6ISMWM/QbLbup/NzZrhqlAEeSmVeBHiu/uxISaj1NAxMZUhgrJe9TPzP6yUwvOinPIoTYBFdDBomAoPEWTZ4wBWjIKaGEKq42RXTMVGEgkmwZEJwl0/+S9qntluza3dnlfp1HkcRHaFjdIJcdI7q6BY1UAtR9ICe0At6tR6tZ+vNel+UFqy85xD9gvXxDTEEm40=</latexit>

s. t. T#µ0 = µ1

🔑  seeking a deterministic map T 
      that maps points to points.

<latexit sha1_base64="3sokIFt92VAe4koPeyCgwOO1tts=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0IGWmSHVZdONGqNAXdMqQSTNtaJIZkoy0DPMXbvwVNy4Ucas7/8b0sdDWAxcO59zLvff4EaNK2/a3lVlb39jcym7ndnb39g/yh0ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3RzdRvPxCpaCgaehKRHkcDQQOKkTaSly+7VGjvDrqBRDhx0qSSQlwcnzeK41LJ5UgPJU/6qctjzzaSly/YZXsGuEqcBSmABepe/svthzjmRGjMkFJdx450L0FSU8xImnNjRSKER2hAuoYKxInqJbO/UnhmlD4MQmlKaDhTf08kiCs14b7pnF6qlr2p+J/XjXVw1UuoiGJNBJ4vCmIGdQinIcE+lQRrNjEEYUnNrRAPkUlImyhzJgRn+eVV0qqUnWq5en9RqF0v4siCE3AKisABl6AGbkEdNAEGj+AZvII368l6sd6tj3lrxlrMHIM/sD5/ACNYnqw=</latexit>Z

M

1

2
c(x, T (x))dµ0(x)



OPTIMAL TRANSPORT

Optimal transport

Kantorovich relaxation

Earth Mover’s Distances  
on Discrete Surfaces 

Solomon, Rustamov, Guibas, Butscher (2014)

Convolutional Wasserstein Distances: 
Efficient Optimal Transportation on 

Geometric Domains. 
Solomon, de Goes, Peyré, Cuturi, Butscher, 

Nguyen, Du, Guibas (2015)

<latexit sha1_base64="ZHf+9dKtixNS8kr87nkwJoDSahY=">AAACFHicbVDLSgMxFM3UV62vUZduBotQUYYZkSq4KbpxWcE+oFNKJk3b0EwyJHeEMvQj3Pgrblwo4taFO//GTNuFth5IOJxzL/feE8acafC8byu3tLyyupZfL2xsbm3v2Lt7dS0TRWiNSC5VM8SaciZoDRhw2owVxVHIaSMc3mR+44EqzaS4h1FM2xHuC9ZjBIOROvZJIGOqMEglcERT7YI7Dq6CmAVMBFVWCqKk451mv3/csYue603gLBJ/RopohmrH/gq6kiQRFUA41rrlezG0U6yAEU7HhSDRNMZkiPu0ZWi2gW6nk6PGzpFRuk5PKvMEOBP1d0eKI61HUWgqIwwDPe9l4n9eK4HeZTtlIk6ACjId1Eu4A9LJEnK6TFECfGQIJoqZXR0ywAoTMDkWTAj+/MmLpH7m+mW3fHderFzP4sijA3SISshHF6iCblEV1RBBj+gZvaI368l6sd6tj2lpzpr17KM/sD5/ABx0njQ=</latexit>

s. t. ⇡ 2 ⇧(µ0, µ1)

💡  seeking a joint probability distribution.

80

<latexit sha1_base64="z9TnxZskZLduuOjifJ/kmFQINfQ="></latexit>

min⇡

Z Z
1

2
c(x, y)d⇡(x, y)



OPTIMAL TRANSPORT

Optimal transport

Benamou-Brenier

NON-CONVEX! 

🔑  change of variable

CONVEX

<latexit sha1_base64="gvvRqQoFh0zvQmgEp6ZxfU2APxA="></latexit>

minµt,vt

Z 1

0

Z

M

1

2
kvt(x)k2dµt(x)dt

<latexit sha1_base64="erdVkI3BdIr+R1R1a2lzHnWol2s=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIIiLLsiiSCC6MWjgkmEbAi9k4kOzs4sM72BsORTvPgrXjwoojf9GmdjDr4KGoqqbrq74lQKi0Hw7k1MTk3PzM7NlxYWl5ZXyqtrDaszw3idaanNVQyWS6F4HQVKfpUaDkkseTO+PS38Zp8bK7S6xEHK2wlcK9ETDNBJnXIt0ik3gNooSHhuffSH0WGUgkEBMkqyDu5GCmIJEetq3HYK7e8cBZ1yJfCDEehfEo5JhYxx3im/RV3NsoQrZBKsbYVBiu282MMkH5aizPIU2C1c85ajxTW2nY8eHNItp3RpTxtXCulI/T6RQ2LtIIldZwJ4Y397hfif18qwd9DOhUoz5Ip9LeplkqKmRVq0KwxnKAeOADPC3UrZDRhg6DItuRDC3y//JY09P6z61Yv9yvHJOI45skE2yTYJSY0ckzNyTuqEkTvyQJ7Is3fvPXov3utX64Q3nlknP+B9fAItfKOO</latexit>

s. t. @µt +r · (µv) = 0
<latexit sha1_base64="0WTaSXNgPqNIkaOIsKPtn0DlSRA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmRKoboejGZQX7gHYYMmmmDU0yQ5IRylDc+CtuXCji1q9w59+YaWehrQdCzj3nXpJ7gphRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdJP57QciFY3EvR7HxONoIGhIMdJG8u2DHk8qzsmVuXznNCvcWeH6dtmpOlPAReLmpAxyNHz7q9ePcMKJ0JghpbquE2svRVJTzMik1EsUiREeoQHpGioQJ8pLpytM4LFR+jCMpDlCw6n6eyJFXKkxD0wnR3qo5r1M/M/rJjq89FIq4kQTgWcPhQmDOoJZHrBPJcGajQ1BWFLzV4iHSCKsTWolE4I7v/IiaZ1V3Vq1dnderl/ncRTBITgCFeCCC1AHt6ABmgCDR/AMXsGb9WS9WO/Wx6y1YOUz++APrM8fQa6VcA==</latexit>

µ(0) = µ0, µ(1) = µ1

<latexit sha1_base64="ITJTDnX58EeO0vonjnNK2dEIsd4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFawttEvJptk2NMmGJFsoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFynOjPX9b6+wtr6xuVXcLu3s7u0flA+PnkySakKbJOGJbkfYUM4kbVpmOW0rTbGIOG1Fo7uZ3xpTbVgiH+1E0VDggWQxI9g6qSVuuiJF41654lf9OdAqCXJSgRyNXvmr209IKqi0hGNjOoGvbJhhbRnhdFrqpoYqTEZ4QDuOSiyoCbP5uVN05pQ+ihPtSlo0V39PZFgYMxGR6xTYDs2yNxP/8zqpja/DjEmVWirJYlGccmQTNPsd9ZmmxPKJI5ho5m5FZIg1JtYlVHIhBMsvr5Kni2pQq9YeLiv12zyOIpzAKZxDAFdQh3toQBMIjOAZXuHNU96L9+59LFoLXj5zDH/gff4A4BWPSQ==</latexit>m = µv

<latexit sha1_base64="an8ZcJq8yvJU545vUZNndTaxe4Y="></latexit>

minµt,mt

Z 1

0

Z

M

1

2

kmt(x)k2

µt
dµt(x)dt

<latexit sha1_base64="mHC5EFwF1+lpMxhI189lJCbt7ww=">AAACG3icbVDLSgNBEJz1bXxFPXoZDIIgLLsiKoggevGoYKKQDaF3MtHBeSwzvUJY8h9e/BUvHhTxJHjwb5xNcvBV0FBUddPdlWZSOIyiz2BsfGJyanpmtjI3v7C4VF1eaTiTW8brzEhjr1JwXArN6yhQ8qvMclCp5Jfp7UnpX95x64TRF9jLeEvBtRZdwQC91K5uJybjFtBYDYoXLsSwnxwkGVgUIBOVt3Er0ZBKSFjHIFWHUbtai8JoAPqXxCNSIyOctavvScewXHGNTIJzzTjKsFWUK5jk/UqSO54Bu4Vr3vS0PMS1isFvfbrhlQ7tGutLIx2o3ycKUM71VOo7FeCN++2V4n9eM8fufqsQOsuRazZc1M0lRUPLoGhHWM5Q9jwBZoW/lbIbsMDQx1nxIcS/X/5LGtthvBvunu/Ujo5HccyQNbJONklM9sgROSVnpE4YuSeP5Jm8BA/BU/AavA1bx4LRzCr5geDjC6OeocQ=</latexit>

s. t. @µt +r ·m = 0
<latexit sha1_base64="0WTaSXNgPqNIkaOIsKPtn0DlSRA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmRKoboejGZQX7gHYYMmmmDU0yQ5IRylDc+CtuXCji1q9w59+YaWehrQdCzj3nXpJ7gphRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdJP57QciFY3EvR7HxONoIGhIMdJG8u2DHk8qzsmVuXznNCvcWeH6dtmpOlPAReLmpAxyNHz7q9ePcMKJ0JghpbquE2svRVJTzMik1EsUiREeoQHpGioQJ8pLpytM4LFR+jCMpDlCw6n6eyJFXKkxD0wnR3qo5r1M/M/rJjq89FIq4kQTgWcPhQmDOoJZHrBPJcGajQ1BWFLzV4iHSCKsTWolE4I7v/IiaZ1V3Vq1dnderl/ncRTBITgCFeCCC1AHt6ABmgCDR/AMXsGb9WS9WO/Wx6y1YOUz++APrM8fQa6VcA==</latexit>

µ(0) = µ0, µ(1) = µ1



OPTIMAL TRANSPORT

Optimal transport

Dynamical Optimal Transport on 
Discrete Surfaces 

Lavenant, Claici, Chien, Solomon 



OUR ROADMAP

OPTIMIZATION 

1. The Fundamentals 

2. Convexity 

3. Why Convexity? 

4. Standard Convex Problems 

CONVEX RELAXATION 

5. Viscosity Solutions 

6. Mapping Problems 

7. Optimal Transport 

8. SOS Relaxations 

9. Convex Substructures

Non-standard

CONSTRAINED

UNCONSTRAINED

Linear Programming 
(LP)

Quadratic 
Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

SIMPLIFIED TAXONOMY OF CONVEX 

Non-standard



SOS RELAXATION

↩  This will connect back to SDP relaxation



SOS RELAXATION

↩  This will connect back to SDP relaxation

Putinar’s Positivity Theorem 

If f is polynomial, then f being nonnegative on                   
is equivalent to f being expressible as a sum of 
squares of polynomials. 

<latexit sha1_base64="fHuXtu3kuQPvSypCOJiuVo4E3/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFXbisYB/YDiWTpm1oJjMkd4Qy9C/cuFDErX/jzr8x085CqwcCh3PuJeeeIJbCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMlGiGW+ySEa6E1DDpVC8iQIl78Sa0zCQvB1MrjO//ci1EZG6x2nM/ZCOlBgKRtFKD72Q4jgI0ptZv1xxq+4c5C/xclKBHI1++bM3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JilQEZRto+hWSu/txIaWjMNAzsZJbQLHuZ+J/XTXB46adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ/8lrbOqV6vW7s4r9au8jiIcwTGcggcXUIdbaEATGCh4ghd4dYzz7Lw574vRgpPvHMIvOB/fq6uQ7w==</latexit>D



SOS RELAXATION

Putinar’s Positivity Theorem 

If f is polynomial, then f being nonnegative on                   
is equivalent to f being expressible as a sum of 
squares of polynomials. 

<latexit sha1_base64="fHuXtu3kuQPvSypCOJiuVo4E3/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFXbisYB/YDiWTpm1oJjMkd4Qy9C/cuFDErX/jzr8x085CqwcCh3PuJeeeIJbCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMlGiGW+ySEa6E1DDpVC8iQIl78Sa0zCQvB1MrjO//ci1EZG6x2nM/ZCOlBgKRtFKD72Q4jgI0ptZv1xxq+4c5C/xclKBHI1++bM3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JilQEZRto+hWSu/txIaWjMNAzsZJbQLHuZ+J/XTXB46adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ/8lrbOqV6vW7s4r9au8jiIcwTGcggcXUIdbaEATGCh4ghd4dYzz7Lw574vRgpPvHMIvOB/fq6uQ7w==</latexit>D

Reformulation with Linear Objective 
Typical Optimization Problem 

<latexit sha1_base64="mUWmL1FoIxDraTxUkTVAAm1DpYY=">AAACFnicbVA9SwNBEN3zM8avqKXNYhC0MNyJRMugFpYRTCLkQtjbzJkle3vH7pwkHPcrbPwrNhaK2Iqd/8ZNTOHXg4HHezPMzAsSKQy67oczMzs3v7BYWCour6yurZc2NpsmTjWHBo9lrK8DZkAKBQ0UKOE60cCiQEIrGJyN/dYtaCNidYWjBDoRu1EiFJyhlbqlAz9VPesDZkPqC0X9iGE/CLLzPM98hCFmkVXznIZ7w/1uqexW3AnoX+JNSZlMUe+W3v1ezNMIFHLJjGl7boKdjGkUXEJe9FMDCeMDdgNtSxWLwHSyyVs53bVKj4axtqWQTtTvExmLjBlFge0cH21+e2PxP6+dYnjSyYRKUgTFvxaFqaQY03FGtCc0cJQjSxjXwt5KeZ9pxtEmVbQheL9f/kuahxWvWqleHpVrp9M4CmSb7JA94pFjUiMXpE4ahJM78kCeyLNz7zw6L87rV+uMM53ZIj/gvH0CDMyf6w==</latexit>

min
x2D

f(x) <latexit sha1_base64="A/3PUWAQ2YjnOMPD15UNJsSLBI8="></latexit>

max �

s.t. f(x)� � � 0

x 2 D

equivalent to



SOS RELAXATION

Reformulation with Linear Objective 
Typical Optimization Problem 

<latexit sha1_base64="mUWmL1FoIxDraTxUkTVAAm1DpYY=">AAACFnicbVA9SwNBEN3zM8avqKXNYhC0MNyJRMugFpYRTCLkQtjbzJkle3vH7pwkHPcrbPwrNhaK2Iqd/8ZNTOHXg4HHezPMzAsSKQy67oczMzs3v7BYWCour6yurZc2NpsmTjWHBo9lrK8DZkAKBQ0UKOE60cCiQEIrGJyN/dYtaCNidYWjBDoRu1EiFJyhlbqlAz9VPesDZkPqC0X9iGE/CLLzPM98hCFmkVXznIZ7w/1uqexW3AnoX+JNSZlMUe+W3v1ezNMIFHLJjGl7boKdjGkUXEJe9FMDCeMDdgNtSxWLwHSyyVs53bVKj4axtqWQTtTvExmLjBlFge0cH21+e2PxP6+dYnjSyYRKUgTFvxaFqaQY03FGtCc0cJQjSxjXwt5KeZ9pxtEmVbQheL9f/kuahxWvWqleHpVrp9M4CmSb7JA94pFjUiMXpE4ahJM78kCeyLNz7zw6L87rV+uMM53ZIj/gvH0CDMyf6w==</latexit>

min
x2D

f(x) <latexit sha1_base64="A/3PUWAQ2YjnOMPD15UNJsSLBI8="></latexit>

max �

s.t. f(x)� � � 0

x 2 D

     
domain compact with polynomial boundary  

objective is polynomial function 

Can solve via SOS relaxation if:

Solve resulting problem via SDP relaxation!

Putinar’s Positivity Theorem 

If f is polynomial, then f being nonnegative on                   
is equivalent to f being expressible as a sum of 
squares of polynomials. 

<latexit sha1_base64="fHuXtu3kuQPvSypCOJiuVo4E3/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFXbisYB/YDiWTpm1oJjMkd4Qy9C/cuFDErX/jzr8x085CqwcCh3PuJeeeIJbCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMlGiGW+ySEa6E1DDpVC8iQIl78Sa0zCQvB1MrjO//ci1EZG6x2nM/ZCOlBgKRtFKD72Q4jgI0ptZv1xxq+4c5C/xclKBHI1++bM3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JilQEZRto+hWSu/txIaWjMNAzsZJbQLHuZ+J/XTXB46adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ/8lrbOqV6vW7s4r9au8jiIcwTGcggcXUIdbaEATGCh4ghd4dYzz7Lw574vRgpPvHMIvOB/fq6uQ7w==</latexit>D



SOS RELAXATION

Mesh repair

Hexahedral Mesh Repair via  
Sum-of-Squares Relaxation 

Marschner, Palmer, Zhang, Solomon (2020)



OUR ROADMAP

OPTIMIZATION 

1. The Fundamentals 

2. Convexity 

3. Why Convexity? 

4. Standard Convex Problems 

CONVEX RELAXATION 

5. Viscosity Solutions 

6. Mapping Problems 

7. Optimal Transport 

8. SOS Relaxations 

9. Convex Substructures

Non-standard

CONSTRAINED

UNCONSTRAINED

Linear Programming 
(LP)

Quadratic 
Programming 

(QP)Quadratically Constrained 
Quadratic Program 

(QCQP)

Semi-Definite 
Programming 

(SDP)

Second-Order 
Cone Programming 

(SOCP)

SIMPLIFIED TAXONOMY OF CONVEX 

Non-standard



CONVEX SUBSTRUCTURES

💡lesson:

A number of optimization problems cannot be recast as fully convex. A 
hidden convexity can at least isolate the non-convex part. While this 

strategy is not a proper convex relaxation, it can lead to optimization 
algorithms that enjoy some of the benefits of convex optimization.



CONVEX SUBSTRUCTURES

🚧  Identifying convex substructure in distortion energies

Deformation gradient

<latexit sha1_base64="+oar9GWrmlCFg9pC/CotpF680+4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4ColIFbwUvXisYD+gDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet7Oyura+sVnaKm/v7O7tVw4OWzpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrDJJbd3/divVD3XmwEtE78gVSjQ6Fe+eoOYpIJKQzjWuut7iQkyrAwjnE7LvVTTBJMxHtKupRILqoNsdusUnVplgKJY2ZIGzdTfExkWWk9EaDsFNiO96OXif143NdFVkDGZpIZKMl8UpRyZGOWPowFTlBg+sQQTxeytiIywwsTYeMo2BH/x5WXSOnf9mlu7v6jWb4o4SnAMJ3AGPlxCHe6gAU0gMIJneIU3RzgvzrvzMW9dcYqZI/gD5/MHehCN4w==</latexit>. q

<latexit sha1_base64="zaWMht4JuwmkzgIoNTfKJTIj7uQ=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbRU0hEquCl6MVjBdMW2lA22027dLOJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0w5U9p1v63Syura+kZ5s7K1vbO7Z+8fNFWSSUJ9kvBEtkOsKGeC+pppTtuppDgOOW2Fo9up33qiUrFEPOhxSoMYDwSLGMHaSL7TvX487dlV13FnQMvEK0gVCjR69le3n5AspkITjpXqeG6qgxxLzQink0o3UzTFZIQHtGOowDFVQT47doJOjNJHUSJNCY1m6u+JHMdKjePQdMZYD9WiNxX/8zqZjq6CnIk001SQ+aIo40gnaPo56jNJieZjQzCRzNyKyBBLTLTJp2JC8BZfXibNc8erObX7i2r9poijDEdwDGfgwSXU4Q4a4AMBBs/wCm+WsF6sd+tj3lqyiplD+APr8wfbTI4U</latexit>

. q0

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

<latexit sha1_base64="BfkQ3pJUGzKPbFMlMjzZI8c3UPE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ6Krsi1YtQ1IN4qmA/pF1KNs22oUl2TbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XYWFpeWV1Zza/n1jc2t7cLObl1HiSK0RiIeqWaANeVM0pphhtNmrCgWAaeNYHA19htPVGkWyXszjKkvcE+ykBFsrPRw/Xh0cduO+6xTKLoldwI0T7yMFCFDtVP4ancjkggqDeFY65bnxsZPsTKMcDrKtxNNY0wGuEdblkosqPbTycEjdGiVLgojZUsaNFF/T6RYaD0Uge0U2PT1rDcW//NaiQnP/ZTJODFUkumiMOHIRGj8PeoyRYnhQ0swUczeikgfK0yMzShvQ/BmX54n9ZOSVy6V706LlcssjhzswwEcgwdnUIEbqEINCAh4hld4c5Tz4rw7H9PWBSeb2YM/cD5/APJkj98=</latexit>

Dq0 = J�

Distortion energy
<latexit sha1_base64="nI/8vRnsv7btHD4PNMOlk9NZ72s=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEdlMSkSqCUHyAywr2AW0Ik+mkHTqZpDMTpYTixl9x40IRt36FO//GaZuFth64cDjnXu69x4sYlcqyvo3MwuLS8kp2Nbe2vrG5ZW7v1GUYC0xqOGShaHpIEkY5qSmqGGlGgqDAY6Th9S/HfuOeCElDfqeGEXEC1OXUpxgpLbnm3nVhUDw7b8s4cCl8cKlfKFwNii4tumbeKlkTwHlipyQPUlRd86vdCXEcEK4wQ1K2bCtSToKEopiRUa4dSxIh3Edd0tKUo4BIJ5m8MIKHWulAPxS6uIIT9fdEggIph4GnOwOkenLWG4v/ea1Y+adOQnkUK8LxdJEfM6hCOM4DdqggWLGhJggLqm+FuIcEwkqnltMh2LMvz5P6Uckul8q3x/nKRRpHFuyDA1AANjgBFXADqqAGMHgEz+AVvBlPxovxbnxMWzNGOrML/sD4/AFrt5WL</latexit>

E(q) :=
X

i

wif((Dq)i)

NON-CONVEX! 



CONVEX SUBSTRUCTURES

🚧↩  A quick detour to visit another strategy…

IDENTIFYING CONVEX SUBSTRUCTURE

Apply polar decomposition to each Jacobian matrix
<latexit sha1_base64="SULCwgVDZNWP0dg8wH+TFoRR7Wo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6EU8VTBtsQ1hs920SzebsLsRSui/8OJBEa/+G2/+GzdtDtr6YODx3gwz84KEM6Vt+9sqrayurW+UNytb2zu7e9X9g7aKU0moS2Iey26AFeVMUFczzWk3kRRHAaedYHyT+50nKhWLxYOeJNSL8FCwkBGsjfR457Mr12ctn/nVml23Z0DLxClIDQq0/OpXfxCTNKJCE46V6jl2or0MS80Ip9NKP1U0wWSMh7RnqMARVV42u3iKTowyQGEsTQmNZurviQxHSk2iwHRGWI/UopeL/3m9VIeXXsZEkmoqyHxRmHKkY5S/jwZMUqL5xBBMJDO3IjLCEhNtQqqYEJzFl5dJ+6zuNOqN+/Na87qIowxHcAyn4MAFNOEWWuACAQHP8ApvlrJerHfrY95asoqZQ/gD6/MH49+QbQ==</latexit>

Ji = UiPi

Stein, Li, Solomon (2021)

<latexit sha1_base64="b7AO177n+ewklOQW5NnHTBjJewc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTVtoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg98TvXLFrbpzkFXi5aQCORq98le3n7As5gqZpMZ0PDfFYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BW355lTQvql6tWru/rNRv8jiKcAKncA4eXEEd7qABPjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AEu0I3A</latexit>

Ui
<latexit sha1_base64="gALyRTZVIYraf3yLKjjdQURcMQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAnMo27</latexit>

Pi

<latexit sha1_base64="fhA62rK/HsFfMDVfgPDBn6rBT+c="></latexit>

min
U2SO(d),P2Sd

+

E(Dq) =
X

i

wif(Pi)

<latexit sha1_base64="UmbhPUDZmI1SUAYbzllmDJcTPd8=">AAACDXicbVBNS8NAEN3Ur1q/oh69BKtQD4ZEpAoiFPXgsYJpC20Jm+22XbrJxt2JUEL/gBf/ihcPinj17s1/46btQasPBh7vzTAzL4g5U+A4X0Zubn5hcSm/XFhZXVvfMDe3akokklCPCC5kI8CKchZRDxhw2oglxWHAaT0YXGZ+/Z5KxUR0C8OYtkPci1iXEQxa8s29loipxCBkhEOaKhvsUeusdHV34LNDz2dVn507vll0bGcM6y9xp6SIpqj65merI0gS0ggIx0o1XSeGdoolMMLpqNBKFI0xGeAebWqarVbtdPzNyNrXSsfqCqkrAmus/pxIcajUMAx0Z4ihr2a9TPzPaybQPW2nLIoToBGZLOom3AJhZdFYHSYpAT7UBBPJ9K0W6WOJCegACzoEd/blv6R2ZLtlu3xzXKxcTOPIox20i0rIRSeogq5RFXmIoAf0hF7Qq/FoPBtvxvukNWdMZ7bRLxgf3ygqmvY=</latexit>

s. t. (Dq)i � UiPi = 0



CONVEX SUBSTRUCTURES

🚧↩  A quick detour to visit another strategy…

IDENTIFYING CONVEX SUBSTRUCTURE

Apply polar decomposition to each Jacobian matrix
<latexit sha1_base64="SULCwgVDZNWP0dg8wH+TFoRR7Wo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6EU8VTBtsQ1hs920SzebsLsRSui/8OJBEa/+G2/+GzdtDtr6YODx3gwz84KEM6Vt+9sqrayurW+UNytb2zu7e9X9g7aKU0moS2Iey26AFeVMUFczzWk3kRRHAaedYHyT+50nKhWLxYOeJNSL8FCwkBGsjfR457Mr12ctn/nVml23Z0DLxClIDQq0/OpXfxCTNKJCE46V6jl2or0MS80Ip9NKP1U0wWSMh7RnqMARVV42u3iKTowyQGEsTQmNZurviQxHSk2iwHRGWI/UopeL/3m9VIeXXsZEkmoqyHxRmHKkY5S/jwZMUqL5xBBMJDO3IjLCEhNtQqqYEJzFl5dJ+6zuNOqN+/Na87qIowxHcAyn4MAFNOEWWuACAQHP8ApvlrJerHfrY95asoqZQ/gD6/MH49+QbQ==</latexit>

Ji = UiPi

Stein, Li, Solomon (2021)

<latexit sha1_base64="b7AO177n+ewklOQW5NnHTBjJewc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTVtoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg98TvXLFrbpzkFXi5aQCORq98le3n7As5gqZpMZ0PDfFYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BW355lTQvql6tWru/rNRv8jiKcAKncA4eXEEd7qABPjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AEu0I3A</latexit>

Ui
<latexit sha1_base64="gALyRTZVIYraf3yLKjjdQURcMQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAnMo27</latexit>

Pi

<latexit sha1_base64="fhA62rK/HsFfMDVfgPDBn6rBT+c="></latexit>

min
U2SO(d),P2Sd

+

E(Dq) =
X

i

wif(Pi)

<latexit sha1_base64="UmbhPUDZmI1SUAYbzllmDJcTPd8=">AAACDXicbVBNS8NAEN3Ur1q/oh69BKtQD4ZEpAoiFPXgsYJpC20Jm+22XbrJxt2JUEL/gBf/ihcPinj17s1/46btQasPBh7vzTAzL4g5U+A4X0Zubn5hcSm/XFhZXVvfMDe3akokklCPCC5kI8CKchZRDxhw2oglxWHAaT0YXGZ+/Z5KxUR0C8OYtkPci1iXEQxa8s29loipxCBkhEOaKhvsUeusdHV34LNDz2dVn507vll0bGcM6y9xp6SIpqj65merI0gS0ggIx0o1XSeGdoolMMLpqNBKFI0xGeAebWqarVbtdPzNyNrXSsfqCqkrAmus/pxIcajUMAx0Z4ihr2a9TPzPaybQPW2nLIoToBGZLOom3AJhZdFYHSYpAT7UBBPJ9K0W6WOJCegACzoEd/blv6R2ZLtlu3xzXKxcTOPIox20i0rIRSeogq5RFXmIoAf0hF7Qq/FoPBtvxvukNWdMZ7bRLxgf3ygqmvY=</latexit>

s. t. (Dq)i � UiPi = 0

many possible applications! Stein, Li, Solomon (2021)



Question: What happens if we add dynamics?

CONVEX SUBSTRUCTURES

Lagrangian Mechanics 

concaveconvex

Not obvious that the hidden 
convexity will be helpful!

<latexit sha1_base64="k8uLf7lg7dg+CJgPltrSGarWbwc=">AAACInicbVDLSgMxFM34rPU16tJNsAgutMyIVF0IRREEXVSwD+gMJZOmbWgmGZKMUIZ+ixt/xY0LRV0JfoyZdha19YbA4Zx7ueeeIGJUacf5tubmFxaXlnMr+dW19Y1Ne2u7pkQsMaliwYRsBEgRRjmpaqoZaUSSoDBgpB70r1K9/kikooI/6EFE/BB1Oe1QjLShWva5JyIikRaSo5AkIeVD6IVI9zBiyd3w0Bu9SQpewFt4BK9bdsEpOqOCs8DNQAFkVWnZn15b4DgkXGOGlGq6TqT9BElNMSPDvBcrEiHcR13SNDD1o/xkdOIQ7humDTtCms81HLGTEwkKlRqEgelMrappLSX/05qx7pz5CeVRrAnH40WdmEEtYJoXbFNJsGYDAxCW1HiFuIckwtqkmjchuNMnz4LacdEtFUv3J4XyZRZHDuyCPXAAXHAKyuAGVEAVYPAEXsAbeLeerVfrw/oat85Z2cwO+FPWzy+rU6MH</latexit>

minL, L = K � E
the solution of this optimization problem gives 

the equations of motion



CONVEX SUBSTRUCTURES

Question: What happens if we add dynamics?

Lagrangian Mechanics 

concaveconvex

Not obvious that the hidden 
convexity will be helpful!

Mostly Convex Reformulation 

<latexit sha1_base64="R7wUSYs+49P5G+djAh0QyvtxsJY=">AAACA3icbVDLSgNBEJyNrxhfq970MhgkghB2RaLHoAiClwjmAckSZiezyZB5LDOzQlgCXvwVLx4U8epPePNvnE1y0GhBQ1HVTXdXGDOqjed9ObmFxaXllfxqYW19Y3PL3d5paJkoTOpYMqlaIdKEUUHqhhpGWrEiiIeMNMPhZeY374nSVIo7M4pJwFFf0IhiZKzUdfc6MiYKGakE4iTlVIzhTQkew6tS1y16ZW8C+Jf4M1IEM9S67menJ3HCiTCYIa3bvhebIEXKUMzIuNBJNIkRHqI+aVuaLdRBOvlhDA+t0oORVLaEgRP150SKuNYjHtpOjsxAz3uZ+J/XTkx0HqRUxIkhAk8XRQmDRsIsENijimDDRpYgrKi9FeIBUggbG1vBhuDPv/yXNE7KfqVcuT0tVi9mceTBPjgAR8AHZ6AKrkEN1AEGD+AJvIBX59F5dt6c92lrzpnN7IJfcD6+AYXHlsg=</latexit>

minK 0 + E0
<latexit sha1_base64="k8uLf7lg7dg+CJgPltrSGarWbwc=">AAACInicbVDLSgMxFM34rPU16tJNsAgutMyIVF0IRREEXVSwD+gMJZOmbWgmGZKMUIZ+ixt/xY0LRV0JfoyZdha19YbA4Zx7ueeeIGJUacf5tubmFxaXlnMr+dW19Y1Ne2u7pkQsMaliwYRsBEgRRjmpaqoZaUSSoDBgpB70r1K9/kikooI/6EFE/BB1Oe1QjLShWva5JyIikRaSo5AkIeVD6IVI9zBiyd3w0Bu9SQpewFt4BK9bdsEpOqOCs8DNQAFkVWnZn15b4DgkXGOGlGq6TqT9BElNMSPDvBcrEiHcR13SNDD1o/xkdOIQ7humDTtCms81HLGTEwkKlRqEgelMrappLSX/05qx7pz5CeVRrAnH40WdmEEtYJoXbFNJsGYDAxCW1HiFuIckwtqkmjchuNMnz4LacdEtFUv3J4XyZRZHDuyCPXAAXHAKyuAGVEAVYPAEXsAbeLeerVfrw/oat85Z2cwO+FPWzy+rU6MH</latexit>

minL, L = K � E

convex hidden convexity

Preserve first-order optimality constraints!
the solution of this optimization problem gives 

the equations of motion

simplified preview 
(not the full story)



CONVEX SUBSTRUCTURES

Question: What happens if we add dynamics?

Lagrangian Mechanics 

concaveconvex

Not obvious that the hidden 
convexity will be helpful!

Mostly Convex Reformulation 

<latexit sha1_base64="R7wUSYs+49P5G+djAh0QyvtxsJY=">AAACA3icbVDLSgNBEJyNrxhfq970MhgkghB2RaLHoAiClwjmAckSZiezyZB5LDOzQlgCXvwVLx4U8epPePNvnE1y0GhBQ1HVTXdXGDOqjed9ObmFxaXllfxqYW19Y3PL3d5paJkoTOpYMqlaIdKEUUHqhhpGWrEiiIeMNMPhZeY374nSVIo7M4pJwFFf0IhiZKzUdfc6MiYKGakE4iTlVIzhTQkew6tS1y16ZW8C+Jf4M1IEM9S67menJ3HCiTCYIa3bvhebIEXKUMzIuNBJNIkRHqI+aVuaLdRBOvlhDA+t0oORVLaEgRP150SKuNYjHtpOjsxAz3uZ+J/XTkx0HqRUxIkhAk8XRQmDRsIsENijimDDRpYgrKi9FeIBUggbG1vBhuDPv/yXNE7KfqVcuT0tVi9mceTBPjgAR8AHZ6AKrkEN1AEGD+AJvIBX59F5dt6c92lrzpnN7IJfcD6+AYXHlsg=</latexit>

minK 0 + E0<latexit sha1_base64="k8uLf7lg7dg+CJgPltrSGarWbwc=">AAACInicbVDLSgMxFM34rPU16tJNsAgutMyIVF0IRREEXVSwD+gMJZOmbWgmGZKMUIZ+ixt/xY0LRV0JfoyZdha19YbA4Zx7ueeeIGJUacf5tubmFxaXlnMr+dW19Y1Ne2u7pkQsMaliwYRsBEgRRjmpaqoZaUSSoDBgpB70r1K9/kikooI/6EFE/BB1Oe1QjLShWva5JyIikRaSo5AkIeVD6IVI9zBiyd3w0Bu9SQpewFt4BK9bdsEpOqOCs8DNQAFkVWnZn15b4DgkXGOGlGq6TqT9BElNMSPDvBcrEiHcR13SNDD1o/xkdOIQ7humDTtCms81HLGTEwkKlRqEgelMrappLSX/05qx7pz5CeVRrAnH40WdmEEtYJoXbFNJsGYDAxCW1HiFuIckwtqkmjchuNMnz4LacdEtFUv3J4XyZRZHDuyCPXAAXHAKyuAGVEAVYPAEXsAbeLeerVfrw/oat85Z2cwO+FPWzy+rU6MH</latexit>

minL, L = K � E

convex convex*

Preserve first-order optimality constraints!Solution gives equations of motion

Variational Elastodynamic Simulation 
Mattos Da Silva, Sellán, Pacheco-Tallaj, Solomon (2025)
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